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CHAPTER 1

Introduction

One of the fundamental questions in harmonic analysis is the classification of
the unitary dual of a locally compact group. An important class of locally compact
groups is the F-points of reductive groups over a local field F'. We will only consider
p-adic groups in this paper. The history of this problem goes back at least to [15]
and [16]E|

The classification of the unitary dual for general linear groups in the p-adic
case was solved in [55]. (The archimedean case can be solved along the same lines
— see [54] and [64].) An important input is Bernstein’s result [10] on irreducibility
of unitary parabolic induction. Subsequently, the classification of the unitary dual
of inner forms of the general linear group was obtained ([4] and [48]; see also [67]).
A unified and simplified proof was recently discovered by E. Lapid and A. Minguez
[29] (see also [5]). Their point of departure is the reducibility points for parabolic
induction of cuspidal representations of general linear groups, which in the split
case are always +1. This also gives a uniform and simplified approach for the
classification of the admissible dual (see [29] Appendix] and [69]).

Little is known in general about the classification of the unitary dual in case of
(other) classical groups, except for some important subclasses of unitary represen-
tations, such as generic representation [30] or spherical representations [42].

A natural question is whether one can attack the unitarizability problem for
the classical groups using the cuspidal reducibility points as the starting point (as
is the case for the general linear groups). Such an approach was proposed in [70].
The main goal of this paper is carry out this approach in the corank (at most)
3 case, namely to classify, irreducible unitarizable subquotients of representations
IndJGD(T), where G is a classical group over a p-adic field of characteristic zero, P is
a parabolic subgroup of G of corank (at most) 3 and 7 is an irreducible cuspidal
representation of a Levi factor M of P.

The first order of business is to understand cuspidal reducibility for classical
groups. This was done by C. Moeglin in terms of the local Langlands correspon-
dence, which is a consequence of Arthur’s endoscopic classification ([1], which relies
on [40] and [41] among other things). The bottom line is that the points of cuspidal
reducibilities are half-integers

1 3
0,41, 1,43, 42, ...

(All half-integers can occur.) This is considerably more complicated than in the
case of general linear groups (and their inner forms) where there is a single cuspidal
reducibility point (up to +).

INote that these papers were published well before [34], which is usually considered the
beginning of the representation theory of reductive p-adic groups.

1



2 1. INTRODUCTION

Another important difference is that the parabolic induction of irreducible uni-
tarizable representations is not irreducible in general.

For any reductive p-adic group G, denote by G the set of all equivalence classes
of its irreducible smooth representations (the admissible dual of G) and by G the
subset of the unitarizable classes (the unitary dual of G). The unitarizability prob-
lem is the determination of the subset G of G. It breaks down naturally into two
parts: construction and exhaustion. The exhaustion is usually achieved by show-
ing that all the classes in G other than the ones constructed in the first step are
non-unitarizable. We may call such an approach to the exhaustion “a proof by
elimination”.

In the construction of the representations of é, arguably the hardest part is
the construction of representations that are isolated in the natural topology of G.
(Explicating the reducibility of unitary parabolic induction and the complementary
series are other difficult problems.) Our expectation is that at least for split classi-
cal p-adic groups, all isolated representations are of Arthur type (and consequently,
they occur as local constituents of automorphic representations in the discrete spec-
trum). This is known to be the case for spherical representations by [42]. Here,
Meeglin’s results on the structure of Arthur packets provide a powerful tool for the
construction of isolated representations.

Regarding exhaustion, proof by elimination (which is used in this paper) is un-
feasible in the higher rank case (as this paper clearly indicates for rank 3). Namely,
it requires a very detailed knowledge of the structure of the representations in G\G
Thus, especially in higher rank (where G\G‘ is much larger than é’) we are spending
most of our effort on the “wrong” class of representations.

Unfortunately, the prospect of finding a direct approach to the exhaustion
problem for classical groups does not seem to be on the horizon at the moment.
In fact, so far, the only successful direct approach to the exhaustion problem for
reductive groups in higher rank seems to be that of [55], [64] for the case of general
linear groups (see also [64] and [58]). The statement (if not the proof) of the
classification of the unitary dual in this case is rather simple (see Theorem
below)ﬂ This was arguably surprising at the time, although it should be noted
that the first lists of candidates for the unitary duals of the closely related groups
SL(n,C), which go back to 1947 in [I5], albeit incomplete, were very simple (and
not far from the actual unitary duals). It took almost four decades to get a direct
approach to the exhaustion in the case of general linear groups (thereby fulfilling
the vision of I. M. Gelfand and M. A. Naimark).

Although this paper is about unitarizability, most of it deals with non-uni-
tarizability because of the exhaustion proof by elimination. A very small part
of the admissible dual is unitarizable, and its unitarizability, excluding only the
representations , is very natural to expect (and not too hard to prove). In
the analysis of the non-unitarizability of representations, the most delicate ones are
those whose GL-support is contained in a segment of cuspidal representations which

2There is also D. Vogan’s classification of unitary duals of GL(n, C), GL(n, R) and GL(n, H)
(Theorem 6.18 of [71]). One can find at the end of the seventh section of [3] remarks about
relation between our approach and that of Vogan. We shall quote here only a part which indicates
the main difference between these two approaches: “Vogan’s classification is conceptually very
different from Tadié’s classification. It has its own merits, but the final result is quite difficult to
state and to understand, since it uses sophisticated concepts and techniques of the theory of real
reductive groups.”



1. INTRODUCTION 3

contains the reducibility point, and which are not fully induced (non-unitarizability
of the other representations is obtained by deformation to these representations or
reducing to the non-unitarizability in the case of general linear groups). In §4| we
settle the non-unitarizability in the most delicate cases, save for a few exceptions.
The remaining five cases are dealt with separately in

In order to show non-unitarizability of 7 in the most delicate case we consider
the parabolic induction IT of 7 tensored with a suitable irreducible unitarizable
representation 7 of a general linear group. We show that the length ¢ of I is larger
than the multiplicity m of 7 ® 7 in the Jacquet module of II. This implies that IT
cannot be semisimple, let alone unitarizable. Hence, 7 cannot be unitarizable. (In
one case, we will also use the fact that if II is semisimple and ¢ is equal to m, then
each copy of 7 ® m must occur as a direct summand in the Jacquet module of II.)

We already noted that in the construction of new irreducible unitarizable rep-
resentations, the most difficult cases are the isolated representations. The simplest
examples of representations that are often (though not always) isolated in the uni-
tary dual are the square-integrable ones (whose unitarizability is obvious) and their
dual representations (whose unitarizability is not obvious, except for the trivial rep-
resentation which is isolated by [25] if the split rank of the simple group is not one).
In the case of p-adic general linear groups, the first case of an isolated representation
(modulo the center) not of this type is for GL(9)E| In the case of classical groups,
such examples first occur in corank 3, when the reducibility point is > 1. These are
the representations below whose unitarizability was proved by Moeglin. (The
smallest group which accommodates such a representation is the split SO(11, F').)

We shall now briefly describe some parts of the strategy in [70] proposed to
handle the unitarizability problem in the case of classical p-adic groups. We first
note that it is easy to reduce to the case of representations supported on real twists
of selfcontragredient irreducible cuspidal representations of general linear groups
and irreducible cuspidal representations of classical groups (see for more de-
tails)ﬁ Because of this, we shall consider in the sequel only such representations,
which we call weakly real representations.

Jantzen decomposition attaches to an irreducible (weakly real) representation
m, irreducible representations supported on single cuspidal lines

T = (T, ., k)

(see [24] or [70), §8] for more details). In chapter [0] we conjecture that this decom-
position preserves unitarizability in both directions, i.e., that m is unitarizable if
and only if all 7; are unitarizable. (See [70] for some very limited support for this
conjecture.) If true, this would reduce the general case to unitarizability pertaining
to the cases of a single cuspidal lines (and single cuspidal reducibilities).

Consider now an irreducible representation m of a classical group that is sup-
ported on a cuspidal line X, along a selfcontragredient irreducible cuspidal repre-
sentation p of a general linear group, and an irreducible cuspidal representation o
of a classical group. To the pair p, o corresponds a unique non-negative reducibility
exponent o, s € %Z. The next question is whether the unitarizability of = can be
described in terms of the reducibility exponent «, , alone. (See [70] for a precise

3In general, these representations are u(8(p, m),n) where m,n > 2 — see below for notation.

4In the case of unitary groups we need to consider F’/F-contragredients, whose definition is
recalled in the second chapter of the paper. For simplicity, in the introduction we only consider
symplectic and orthogonal groups.



4 1. INTRODUCTION

formulation.) If true, the unitarizability problem for classical p-adic groups would
amount to the determination of a certain (complicated) combinatorial data.

We shall below use standard Bernstein-Zelevinsky notation x for parabolic
induction in the setting of general linear groups, and its natural extension x to the
setting of classical groups (see §2| for details). By | |p is denoted the normalized
absolute value on F, and by v the character g — |det(g)r| of GL(n, F).

The main goal of this paper is to classify, following the above proposed strategy,
the irreducible unitarizable (weakly real) subquotients of the representations

(1.1) O x - x0pxo, k<3,

where 0;, 1 < i < k, and o are irreducible cuspidal representations of general linear
groups and of a classical group respectively. In particular, we completely classify
the unitary dual of classical p-adic groups of the split rank (at most) three. This
gives some very limited support for the possibility of the above approach to the
unitarizability to work in general.

In the last chapter of the paper we prove that the Jantzen decomposition pre-
serves unitarizability in both directions for the cases that we consider in this paper.
More precisely, we prove the following

PropPOSITION 1.1. Let m be a weakly real irreducible subquotient of 61 X --- X
0, x o, where 0; are irreducible cuspidal representations of general linear groups and
k < 3. Then, 7 is unitarizable if and only if all w; in the Jantzen decomposition of
T are unitarizable.

For a general connected reductive group G over F' there is a natural involution
7 — Dg(m) established in [2] and [47], which carries an irreducible representations
of G to an irreducible representation of G, up to a sign. It is modeled after Deligne—
Lusztig duality (in the context of groups over finite fields) and will be henceforth
referred to as DL involution, or dualityﬂ (see also [9]). Take e, € {£1} such that
exDg(m) is a representation. We denote then e;Dg(m) by m* and call it the DL
involution of .

Now we shall describe unitarizability in the case of corank up to three. We
shall express the classification of irreducible subquotients in the shortest way.

By Proposition [1.1] it is enough to consider representations supported a on
single cuspidal line. It means that we fix an irreducible selfcontragredient cuspidal
representation p of a general linear group and an irreducible cuspidal representation
o of classical group. Then, there exist a unique non-negative o, , € %Z such that

VYT p X o
is reducible. Then, to simplify notation, we denote
o= Qpo.

Suppose that a > 0. Let k£ be a non-negative integer. Define the generalized
Steinberg representation

5[, a + K] 0) = soc(Fp x vE 1% o x b2 X o)
where soc is the socle. These representations are irreducible and square-integrable.

(For k = 0 we simply write 6([a]®);0).)

5This involution is also called Zelevinsky involution, or Aubert involution, or Aubert-
Schneider-Stuhler involution.
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Denote
Rch_ ={(z1,..., ki) eRF0O<a; <--- <z}
It is well-known that for each representation 7 := v*1p X --- X V™ p x 0, x; € R,
there exists (zf,...,2}) € R%, such that 7 and v*ip x --- x %k p x o have the

same composition series. Now we describe irreducible unitarizable subquotients of
representationsn(|l.1). For k£ = 1 the answer is:

REMARK 1.2. Unitarizability in the corank 1 is very simply to describe: an
irreducible subquotient m of 1¥p X o, x € R>¢, is unitarizable <= z < a.

The following answer to the unitarizability problem in the corank 2 is more or
less already well known (although we were unable to find a complete reference in
the literature).

PRrROPOSITION 1.3. The irreducible unitarizable subquotients of v**px v*1px o,
(z1,22) € RZ ., are the following.
(1) (o> 1) All irreducible subquotients when 1 +1 < x9 < a.
(2) (o # %) All irreducible subquotients when x1 + z2 < 1.
(3) (o= 3) All irreducible subquotients when x3 < .
(4) (a>0) The representations 6([a, a4+ 1];0) and 6(Ja, a + 1]; 0)*.

For the answer of unitarizability for corank 3 we need additional notation.
Suppose a > 1. Denote by

(1.2) L([]?, [a — 1]®): 6([a]P); o))

the Langlands quotient of v%p x v*~1p % §([a]®); o). (This representation is invari-
ant under the DL involution.)
For any positive integer n, the representation

n—1

= p)

5(p,m) :soc(ynT_lpxy"T_spx XU

is irreducible and square-integrable modulo center.
For a = %, the representation §(p, 2) X o contains a unique irreducible subquo-
tient which is not a subquotient of [3]®) x §([1]("); 7). We denote it by

5((=3. 31" 0).
Let o = 0. For any positive integer k, the representation V§5<p7k‘ + 1) x o has
precisely two irreducible subrepresentations, and they are both square-integrable.
We denote them by
5(10,k19;0) and 6([0, k)" 0).
The unitarizability statement for corank 3, which is the main result of the
paper, is the following
THEOREM 1.4. The irreducible unitarizable subquotients of v™* px 12 p X V¥3 p X
o where (x1,x2,x3) € R3 are the following.
(1) (a > 1) All irreducible subquotients when x = (x1,22,x3) lies in the
closure of one of the domains
To+x3 <1,
x1+ra<l,zz—z3>1,23<a, (a>1),
r1+re<l,xi4+z3>1, 23 —21 <1, 23 < q,

xo—x1 > 1, a3 —xa>1, 23 <, (a>2).
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= %) All irreducible subquotients when x3 < %

0) All irreducible subquotients when x; =0, o + x5 < 1.

0) The representations §([o,  + 2];0) and §([a, a + 2];0)°".

0) The representations §([0,2]x+;0) and §([0,2]+;0)*.

0) The complementary series [x] ¥ §([a, a+1];0) and [x] ¥ 6([a, ¢ +
1};0)t for 0 < x < |a—1| (if « # 1) and its irreducible subquotients for
r=oa—1.

(7) (o =0) The complementary series (including subquotients at the ends)

[z] % §([0,1]+;0), [z] x §([0,1]+;0)", 0<z<1

> 1) The representation L([oo — 1], [a]; 6([a]; 0)).
= 1) The complementary series (including subquotients at the ends)
vi8(p,2) % 8([4]:0), v78(p,2)! x 6(3);0)f, 0<a <1
vip X 5([_%7 %}730'), vip 6([_%> %]*;U)tv 0<z< %
v*8(p,3) x o, v°8(p,3) xo, 0<ax< 3.

Note that Theorem directly implies that the DL involution preserves uni-
tarizability in the cases at hand, a fact that is expected to hold in general (see [53]
and [6] for some steps in that direction). Theorem [1.4]also implies that all isolated
representations are automorphic. (In we conjecture this to hold in general.)

Furthermore, note that in the above classifications only the reducibility point «
plays a role in determining the exponents of the representations that are unitarizable
(not p and o themselves).

The motivation for writing this paper came from a discussion with C. Mceglin
at the Simons Symposium on Geometric Aspects of the Trace Formula in Schloss
Elmau in Germany (2016). The paper [29] of E. Lapid and A. Minguez was also
a strong motivation for us to try to understand unitarizability based only on the
reducibility points between irreducible cuspidal representations, at least at corank
3. Some of the results of this paper were presented in a minicourse at the Special
Trimester on Representation Theory of Reductive Groups Over Local Fields and
Applications to Automorphic forms, which was held at the Weizmann Institute
in spring 2017. We are thankful to the Simons Foundation and the Weizmann
Institute. Discussions with M. Hanzer, I. Mati¢ and A. Moy were helpful during
the writing of this paper.

Especially we would like to thank C. Moeglin and E. Lapid. C. Mceglin wrote
the appendix with the proof that the representation is in an Arthur packet,
which proves the unitarizability of that representation. Thanks to E. Lapid and his
huge help, this paper is much easier to understand. In particular, he helped us to
change the organization of the paper, and considerably simplified the exhaustion
part by adding a geometric argument. The final work on this paper took place at
Weizmann Institute in winter 2020, and we are very thankful to the institute for
its hospitality and the very pleasant and relaxed working atmosphere.

The contents of the paper are the following. Chapter [2| introduces notation
and recalls known results that we use throughout the paper. In chapters [3] - [6] the
unitarizability is solved for representations supported on a segment of cuspidal rep-
resentations that contains the reducibility point. The heart of the paper is chapter
[4 where we solve the cases & > 1. In chapters [ and [6] we address the remaining

cases o = 1, %, 0 which require additional work. All these cases are completely new.
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In chapters[7] [§|and [9] we complete the solution of the unitarizability in corank < 3.
Appendix [A] by C. Mceglen shows the unitarizability of the isolated representations
L([ao— 1], [@); 6([a]; 0)) (for & > 1). Appendix [B| provides formulas for the Jacquet
modules of these representations.






CHAPTER 2

Notation and Preliminary Results

We fix a local non-archimedean field F of characteristic zero[] Let G be the
group of F-points of a reductive group defined over F. In this paper, by a rep-
resentation of G we shall always mean a complex, smooth representation. The
Grothendieck group of the category Alge, (G) of all finite length representations
of G is denoted by R(G). It carries a natural ordering <. We denote by s.s.(7)
the semi simplification of 7 € Alg;, (G). For brevity, if 71,7y € Algs, (G), the
condition s.s.(m1) < s.s.(m2) will be written simply as m < 7.

The contragredient representation of 7 is denoted by 7, while the complex
conjugate representation is denoted by 7. We call 7 the hermitian contragredient
of m and denote it by 7+. Then, 7 +— 7 is an (exact) contravariant functor. It is
well known that if 7 is unitarizable, then 77 = 7 (i.e., 7 is hermitian).

2.1. General linear groups

Let F’ be either F' itself or a (separable) quadratic extension thereof. (The
second case is pertaining to unitary groups and the first case to all other clas-
sical groups considered below.) If F’ # F, then © denotes the non-trivial F-
automorphism of F’. Otherwise, © denotes the identity mapping on F. The rep-
resentation

(2.1) F=700

will be called the F”/F-contragredient of . The representation 7o© will be denoted
by 7©.

We shall now recall notation for the general linear groups (mainly following
[72]). The modulus character of F’ is denoted by |-|z. The character |det|, of
GL(n, F') will be denoted by v.

We fix the Borel subgroup of upper triangular matrices. For 0 < k < n, let
Pty = M n—r) X N(jn—i) be the standard parabolic subgroup of GL(n, F”)
of type (k,n — k) with Levi factor My ,,—r) = GL(k, ') x GL(n — k, F"). For
m; € Alge (GL(n;, F')), i = 1,2 denote by m; x ma € Alg, (GL(ny + ng, F')) the
representation parabolically inducted from m; ® 72 on Py no) (normalized induc-
tion). Let R = &,>0R(GL(n, F’)) endowed with the structure of a commutative
graded ring by x. The biadditive map x : R x R — R gives rise to a map
m: R®R— R.

The normalized Jacquet module of 7 € Alg;, (GL(n,F’)) with respect to
Pgm—r) is denoted by T(k?n,k)(ﬂ'). The comultiplication m*(mw) of 7 is defined

e expect all the results to hold also in positive characteristic. However, we would need to
verify some facts such as the unitarizability of representations (1.2]).

9
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by
n
m*(r) = Zs. $:(T(hyn—m)(m)) € R®R.
k=0

One extends m™* additively to a ring homomorphism m* : R — R ® R in a natural
way. With m and m*, R is a graded Hopf algebra. The fact that m* is a ring
homomorphism follows from the geometric lemma of Bernstein—Zelevinsky (see [7]).

Denote by C (resp., Irr) the set of equivalence classes of all irreducible cuspidal
(resp., irreducible) representations of all GL(n, F'), n > 1 (resp., n > 0).

By a Z-segment in R we shall mean a set of the form {z,z + 1,...,2 + n},
where z € R and n € Z>o. We shall denote the above set by [z, z + n]z. For any
Z-segment A = [z,y]z in R and p € C, denote

AP = [2,y]®) = [1%p, Y] := {V?p; 2 € A}

The set A is called a segment in C. The set of all segments in C is denoted by
S(C). Tt is also convenient to set §(?) = §).

We say that two segments Aj, Ay € S(C) are linked it Ay U Ay € S(C) and
Ay UAy € {A1, Ay}, If the segments A; = [z;,7;]®) are linked and z; < x2, then
we say that A; precedes Ao, and write

A < Ao,

For any set X, we denote by M (X) the set of all finite multisets in X (which
we may view as functions X — Z>o with finite support; note that finite subsets
correspond to all functions X — {0,1} with finite support). A typical elements
of M(X) will be denoted by (z1,...,2,) (repetitions of elements can occur, but
the order of the z;’s does not matter). The set M (X) has a natural structure of a
commutative monoid whose zero element is the empty multiset. The operation will
be denoted additively: (z1,...,Zn) + Y1y Ym) = (T1, -, Ty Y1y« -+, Y )-

For A € §(C) we define supp(A) to be A, but considered as an element of
M(C). For a = (Ay,...,A,) € M(S(C)) we define

supp(a) = »_supp(4;) € M(C).
=0

2.2. Classifications of admissible duals of general linear groups
Fix a segment A = {p,vp,...,v"p} € §(C). Then, the representation
PXVUPX - XV

has an irreducible socle, denoted by s(A), and an irreducible cosocle, denoted by
d(A). We have

(2.2a) m* (0o v pl) = 3 6 o)) @ 6([p,v' ),
(220) e a(lp. ) = Y sllp.viol) @ s(l .07,

Let a = (Aq,...,Ay) € M(S(C)). We can choose an enumeration satisfying
if Aj < A for some 1 <4,j <n, then ¢ > j.
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Then, up to isomorphism, the representations
C(a) :=5(A1) X 5(Ag) x -+ X 5(A,,),
(resp., A(a) :=0(A1) X 6(Az) X -+ x §(A))

are determined by a and admit an irreducible socle (resp., cosocle) denoted by
Z(a) (resp., L(a)). Now Z (resp. L) is called the Zelevinsky (resp. Langlands)
classification of irreducible representations of general linear groups over F’. (We
follow the presentation of these classifications by F. Rodier in [45].)

Denote by D the set of equivalence classes of all irreducible essentially square-
integrable representations of GL(n, F'), n > 1, and by D,, the subset of all unita-
rizable classes in D (i.e. those having a unitary central character). The mapping

(23) (p7 ’I'L) = 5(07 n) = 5([7%713 %](p))ﬂ CxZso—D

is a bijection.
For ¢ € D define 6" € D,, and e(d) € R by the following requirement:

§ =g,
Let d = (61,...,0,) € M (D), enumerated so that
e(61) > e(d2) > -+ > e(dn).

Let
/\(d):51 X 0o X ~--><5n.

Then, the representation A(d) has an irreducible cosocle, denoted by L(d). Again
d — L(d) is a version of Langlands classification for general linear groups (irre-
ducible representations are parameterized by elements of M (D)).

For d = (61,...,0,) € M(D) denote d = (4y,...,0,) € M(D), d = (61, ..,0,),
dt = (6],...,85) and d® = (69,...,69). Then, L(d)” = L(d), L(d)” = L(d),
L(d)* = L(d") and L(d)® = L(d®).

Define a mapping ! on Irr by Z(a)! = L(a),a € M(S(C)). Extend * additively
to R. Clearly, ! is a positive mapping, i.e. it satisfies: 1 <7y = r{ <rl. A non-
trivial fact is that ¢ is in fact a ring homomorphism (see [2] and [47]). Furthermore,
! is an involution, called Zelevinsky involution.

For a € M(8(C)), define a* € M(S(C)) by the requirement

L(a)t = L(a").

2.3. Classical groups — basic definitions

We will mostly follow the notation of [39] for classical p-adic groups. The main
difference is that the indexing of the classical groups will be slightly different.

Fix a Witt tower V = {V,,},,>0 of symplectic, quadratic or hermitian vector
spaces over F’. In the first two cases F/ = F and in the latter case F'/F is a
(separable) quadratic extension F' with Galois automorphism ©. In all cases, a
maximal isotropic subspace of V,, has dimension n (see sections III.1 and II1.2 of
[28] for more details)ﬂ In particular, Vj is anisotropicﬂ Denote by S,, the group of
isometries of V,,. For 0 < k < n, let Py be the stabilizer of a fixed k-dimensional

2For some purposes a different indexing of the groups S, may be more convenient — see [39].
31n the symplectic case, Vo = {0}.
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isotropic subspace of V,, — see [28] §IH.2]E| The Levi factor M) of P is naturally
isomorphic to GL(k, F') X S,,_x. More generally, for any partition 8 of £ < n we can
in a natural way define a parabolic subgroup Pg and its Levi subgroup Mpg. (For
Mg first consider M), and then apply the construction from the case of general
linear groups.)

We remark that in the odd orthogonal case we may replace S,, with the group
of isometries of V,, of determinant one.

We exclude in the paper the case of split even orthogonal groups, although we
expect that all the results hold also in this case, with the same proofs. (Split even
orthogonal groups are not connected, which requires some additional checks that
we have not yet carried out.)

A minimal parabolic subgroup in Sy, which is the intersection of all F,’s, will
be fixed. (Only standard parabolic subgroups with respect to the fixed minimal
parabolic subgroup will be considered in this paper.)

For the rest of the paper we fix once and for all the series {S), },>0 as above. We
denote by C%, (resp., D, T, Irrd) the set of cuspidal (resp., square-integrable,
tempered, all) irreducible representations of S,, n > 0 (up to equivalence) and
by C*¢ the subset of C consisting of F’/F-selfcontragredient representations. (We
shall often apply Casselman’s criteria from [13] for representations to be square-
integrable or tempered.)

2.4. Twisted Hopf algebra structure

For m € Algy, (GL(k, F')) and o € Algs, (Sn—k), the representation paraboli-
cally induced from 7 ® o is denoted by

T X 0.
We shall often use that
(2.4) m X (e X o) 2 (1 X ma) X o
For 7 as above holds
(2.5) s.s.(mx o) =s8.5.(7 ¥ 0).

Therefore, if m x ¢ is irreducible, then m x 0 & 7 x 0. We say that a representation
7 of a general linear group over F’ is F’/F-selfcontragredient if 7 & 7.

The normalized Jacquet module of 7 € Alg; (S,,) with respect to P is de-
noted by s (7). Let 7 and w be irreducible representations of GL(p, ') and S,
respectively, and let 7 be an admissible representation of Sp44. Then, by Frobenius
reciprocity

Hom T, 7 ¥ w) 2 Homg, , o5 (5(p)(7), T @ w),

Sp+q(

while the second adjointness implies

Homspﬂ (T Xw,m) = HomGL(pr)qu (T @ w, 50 ().

Denote

R(S) = @ M(S,).

n>0

40ne can find in [60] matrix realizations of the symplectic and split odd-orthogonal groups.
In a similar way one can make matrix realizations also for other classical groups.
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Now X induces in a natural way a mapping Rx R(S) — R(S), which is denoted
again by x. For 7 € Alg;; (S,), denote

w(r) = Zs s. (50 (7)) -
k=0

We extend p* additively to p* : R(S) — R ® R(S). Denote
(2.6) M =(m®1)o("®m")okom": R—+ R®R,
where ~ : R — R is a group homomorphism determined by the requirement that

m— f forall m € Irr, and kK : RX R — R X R maps > z; ®y; to Y. y; @ x;. The
action x of R® R on R® R(S) is defined in a natural way. Then,

(2.7) W (7 1 0) = M* (1) % 1*(0)
holds for 7 € R and o € R(S).
For any finite length representation 7w of GL(k, F'), the component of M* ()
which is in R(GL(k, F')) ® R(GL(0, F")), will be denoted by
M (m) @ 1.

Let 7 be a representation of GL(k, ) of finite length, and let ¢ € C*. Suppose
that 7 is a subquotient of m x . Then, we shall denote s(;)(7) also by

SGL (T)
If in addition, 7 is irreducible, then we shall say that
(2.8) o

is the partial cuspidal support of 7. We say that 8 € C is a factor of 7 if there exists
an irreducible subquotient 8 ® o of sg,(7) such that 8 is in the support of S.

Let m be a finite length representation of a general linear group, and let 7 be a
representation of S, as above. Then, implies

(2.9) s.8.(sgL(m X 7)) = M (7) x s.s.(sgL(T))

(x in the above formula denotes multiplication in R of M*(7) with the factors on
the left-hand side of ® in s.s.(sqr(7))).

Let 7 be a representation of some GL(m, F') and let m*(7) = )z ® y. Then,
the formula implies directly

(2.10) Mg (1) =) & xj.
Furthermore, the sum of the irreducible subquotients of the form 1® * in M*(7) is
(2.11) l®T.

Now assume that 7 is a representation of GL(d, F') and ¢ is a representation of a
classical group. Let 71 ®mp ® 73 be an irreducible subquotient of some r(,,, 1, nq) ()
(n1 +n2 +n3 = n) and let 74 ® 0¢ be an irreducible subquotient of some s,,)(o)
(my < m). Then,

T X Ty X T3 ® Ty X 0y

is a subquotient of the corresponding Jacquet module (see [60, Lemma 5.1] and the
discussion preceding it).
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2.5. Some formulas for M*

Let p € C*?. Suppose that z,y € R satisfy y — € Zs¢. Then, one directly

gets from (2.2a]) and (2.6)

(2.12) M*(8([z,4)*))) Z 25 —i, =2]?) < 8([j + 1,y ) @6 ([i + 1, 5],

1=x—1 j=1t

where y — 4,y — j € Z>¢ in the above sums. In particular

(2.13) My (6([z, y])) Z §([—i, —2]?) > 6([i + 1, 4] ).

i=xr—1
In a similar way, one gets for Zelevinsky segment representations
M (s([z,y) ) = Y > sy, —i = 109 xs([z, 1) @s([ + 1,4]?).
r—1<i<yz—1<5<1i

More generally, let 7 = L(Aq,...,Ag) be a ladder representations, i.e., we can
write A; = [as, b;]®) where ap, < --- < a3 and by, < --- < by (we continue to assume
below p 2 p). Then, using [27] we get

(214) Mgp(m) = D L( (=2, —ai]?)icicr ) X L( ([ + 1,5 )1<ocr ).

a;—1<z;<b;,
T <---<x1

2.6. Langlands classification for classical groups ([49], [11], [26], [43],
[72])

Denote
Dy ={0 € D:e(d) >0}
For t = ((61,62,...,0k),7) € M(D4) x T take a permutation p of {1,...,k} such
that
(2.15) e(dp(1)) 2 €(0p(2) 2 -+ 2 e(Gp(r) )-
Then, the representation
A(8) 2= Gp(a) X Opz) X -+ X ey X T
has an irreducible cosocle, denoted by
L(t).
The mapping
t— L(¢)

defines a bijection between M (D4 ) x T and Irr®. This is the Langlands classifi-
cation for classical groups. The multiplicity of L(t) in A(¢) is one.

Write t = (d; 7). Then, L(d;7)” = L(d;7) and L(d;7)” = L(d®; 7).

Let t = ((61,02,...,01),7) € M(Dy) x T and suppose that a permutation
p satisfies . Suppose that ;) is a representation of GL(n;, F') and L(t) a
representation of S;,. Define

e*(t) = (6(5;0(1))3 ) 6(5;0(1))7 ) 6(5;0(16))7 RN e((sp(k))vov s 70)7

. . ’ N 3
ny times ng times n’ times
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where n’ =n — (n; + -+ + ng). Consider the partial ordering on R™ given by

J J
(xlaaxn)g(ylaayn) @szfzyu 1§j§n
i—1 i—1
Suppose t,t' € M(Dy) x T and L(#') is a subquotient of A(t). Then,
(2.16) e«(t") < ex(t), with an equality < t' =t.

(See [69] §6] for the symplectic groups — the same proof works for all classical
groups other than the split even orthogonal groups.)
For A € S define ¢(A) to be e(§(A)). Let
S(C)y ={A e S(C);¢c(A) > 0}.

In this way we can define in a natural way the Langlands classification (a,7) —
L(a;7) using M(S(C)4) x T as the parameters.

2.7. Irreducible subquotients of induced representations of classical
groups

We will recall a very useful fact from [63].
For d = (01,...,0;) € M(D) denote by
d’
the element of M(D,) obtained from d by removing every d; such that e(d;) = 0
and replacing every 0; for which e(d;) < 0 by d;. Also, denote by
du
the multiset in M (D) obtained from d by retaining only the d;’s such that e(d;) = 0.
PROPOSITION 2.1 ([63]). Let d € M(D) and t = (d',7) € M(D) x T. The

tempered representation A(d,) X T is unitarizable and multiplicity free. For every
irreducible constituent T of M(d,,) X T, the representation

L(d"+d';7")

occurs with multiplicity one in the Jordan—Hdélder sequence of the induced represen-
tation

L(d) x L(d';T).
2.8. Involution

The Zelevinsky involution is a special case of an involution Dg which exists
on the Grothendieck group of the representations of any connected reductive p-
adic group. This involution is constructed in [2] and [47]. It takes any irreducible
representation to an irreducible representation up to a sign. For any irreducible
representation 7, let 7! be the irreducible representation such that Dg(7) = +xt.
We call 7 the DL involution of 7, or DL dual of 7.

This involution is compatible with parabolic induction in the sense that

(7r><17')t:7rt>47't

(on the level of Grothendieck groups).
Furthermore, for Jacquet modules, the mapping

M. mOu— i ®.. . i eul,
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is a bijection from the semi simplification of sg(7) onto the semisimplification of
sg(m') (B is the partition which parametrizes the corresponding parabolic sub-

group).
2.9. Reducibility point and generalized Steinberg representations

Let p € C with a unitary central character and o € C. If p ¢ C*¢ then v*p x o
is irreducible for all z € R. Otherwise,

(2.17) VeI p X o

is reducible for a unique a, , >0 ([50]). C. Moeglin has proved that o, € $Z.

Given p € C*¢, either a,, € Z for all 0 € C% or a, , € % +7Z for all o € C°.
We say that p is of odd type (or parity) in the former case and of even type (or
parity) in the latter. The parity of p depends only on p and the Witt tower and
can be detected by the existence of a pole for a suitable L-function. For instance,
for odd orthogonal groups, p is of odd (resp., even) type if and only if the exterior
(resp., symmetric) square L-function of p has a pole at s = 0. These conditions are
reversed for symplectic groups.

From now on we fix p € C*? and o € C% and denote the reducibility point Op.o
simply by

a.

The representation v* " pxv =1 px. .. x v+t px®pxo admits an irreducible
socle, which is denoted by &([v*p,v*t"pl;0) (n > 0). It is square-integrable and
called a generalized Steinberg representation. We have

(218) = (3([Wp, v plio)) = Y ST v ) @ (v p, v s 0),
k=—1
a+n

a+n

plio)” = 5([vp, v " pl; 5).

Applying the DL involution, we get

o([v%p,v

(219) p* (L@ "p.... v pv%p0)) =

Z L(p=(etmy  pymlatkd2) ) =(athtD) )y @ Lw+Fp . v p v o).
k=—1
The generalized Steinberg representation and its DL dual are the only unita-

rizable irreducible subquotients of v p x v+ =1p x ... x V2Tl x VY x o ([21],
[20]; see also [70], §13]).

2.10. Representations of segment type

We shall recall the formulas for Jacquet modules obtained in [33]E| We fix
p € C*? and ¢ € C and consider irreducible subquotients of &§([v=p,v%p]) x o,
where ¢+ d € Z>g. As above, o € $Z> denotes the reducibility exponent (2.17).

The representation §([v~¢p, v¥p]) x o is multiplicity free of length at most three.
It is reducible (resp., of length three) if and only if [—c,d]z N {—a,a} # O (resp.,
{—a,a} C[—c¢,d]z and ¢ # d).

5The results of [33] are only stated for symplectic and split odd-orthogonal groups but the
proof works for all classical groups. Note that the proof does not use the classification of D¢ in
terms of C.
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Assume that d > ¢ and d — a € Z. We define terms 6([v=p,v%p],;0),
S([v=<p,v¥p]_;0) and L (v °p, l/dp];U)ﬁ Each of these terms is either an irre-
ducible representation or the trivial (zero-dimensional) representation. They satisfy
(2.20)

3([v=cp,vtp]) @ o = 6([v=p,vpl4;0) + 8([v=p,v?pl -5 0) + La([v~p,vp]; 0)

in the corresponding Grothendieck group.

Suppose first that 6([v=¢p,v%p]) x o is irreducible. Then, we define that
5([v=¢p,vp]_; o) = 0 and require that §([v=¢p, v¢p| ;o) # 0 if and only if [—¢,d] C
[~a+1,a—1]. By this determines L, ([v~¢p, v%p]; o).

Suppose now that 6([v=¢p,v%p]) x o is reducible. If ¢ = d, we define that
Lo([v=p,v%p];0) = 0. Otherwise, Ly ([v=°p,vepl;0) = L([v=p,vep]; o).

If a > 0, then there is a unique irreducible subquotient ~ of §([v=p, v%p]) x o
which has in sgr,(y) an irreducible subquotient 7 ® o such that 7 is generic, and
e(f) > 0 for all 6 in supp(7). We denote this v by §([v=<p, v9p].;0).

If @ = 0, we write p X o as a sum of irreducible subrepresentations 74 &7_. We
denote also 71+ by d([p]+;0). Then, there exists a unique irreducible subquotient
of 6([v=¢p,v%p]) x o that contains an irreducible representation of the form 7 ® 7.
in its Jacquet module with respect to an appropriate standard parabolic subgroup,
such that 7 is generic, and e(6) > 0 for all § in supp(7). We denote this subquotient
by 6([v=p,vpl+; 0).

If ¢ = d or the length of 6([v=¢p,v%p]) x o is three, then 6([v=¢p,v%p]) x o
contains a unique irreducible subrepresentation different from §([v=<p, %]y ;0)
and we denote it by §([v¢p,v%p]_; o). Otherwise, we take §([v~°p,v%p]_; o) = 0.

The representations §([v~¢p,v¥p|+;0) are called representations of segment
type.

The representation 0([v=¢p,v%p| ;) is square-integrable if and only if ¢ #
d and {—a,a} C [~¢,d] or @ = —c. If 6([v=°p,v%p];;0) is square-integrable,
then 6([v=¢p,v%p]_;0) is also square-integrable if it is non-zero. Conversely, if
§([v=¢p,v¥p]_;0) is square-integrable (and non-zero), then &([v=¢p,v%p],;0) is
square-integrable (and non-zero).

In the two formulas below, we symmetrize notation in the following way. We
define

5 p, v pls30), 8([vp,v%);0) and La(lv="p,v°0]; 0)
to denote §([v=¢p,vp]y;0), 5([vp,vep|_;0) and L ([v~p,v%pl; o) respectively
(assumptions on ¢ and d are as above).

REMARK 2.2. Now we recall the formulas for the Jacquet modules of segment
representations and associated Langlands quotient from [33]. We take this oppor-
tunity to correct several typographical errors in [33]. The upper limit in the first
sum of the second row of is d — 1 (instead of c)ﬂ The limits of the first sum
in the third row of are —c — 1 <1 < c¢—1 (instead of —c — 1 < i < ¢; the
index ¢ does not give any contribution). Further, the limits in the first sum in the
second row of are —c— 1 <4 <d—1 (instead of —c — 1 < i < d; the index
d does not contribute in the formula)ﬁ

6In [33] we denoted the last term by L (8([v<p, v%p]); o).
"This correction refers to the formulas on page 441 and Corollaries 4.3, 5.4 and 6.4 of [33].

8Each of these two not so essential modifications also refers to the formulas on page 441 and
Corollaries 4.3, 5.4 and 6.4 of [33].
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If §([—c,d]?)) x o is reducible (with notation as above), then we have the
following equality
+a—1
p (0, d0) = Y 8([~i,d®) x 8(li +1,d ) @ o

i=—c—1

(221) + z 25 ) % 6(j + 1,d]”) @ 6(li + 1,41L; 0)

i=—c—1j=i+1

+ > 6([=i,]) x 8([j +1,d]"”) @ La([i + 1,5]; 7).
—c—1<i<e—1  i+1<5<¢
itj<—1

If additionally ¢ # d, and either ¢ < a or a < ¢ < d, then we have
(2.22)

W (L([=e,d'P;0)) = u* (Lall-c.d ZL ~i,d @, [i +1,d]P) @ o+
> > L([=id@, [ +1,d](p))®La([i—|—1,j](”);0).
Ce—1<i<d—1 i+1<j<d
0<its

2.11. Jordan blocks

Now we shall recall the definition of the Jordan blocks Jord(w) of an irreducible
square-integrable representation m of .S,,.

DEFINITION 2.3. For any 7 € D¢ denote by Jord(r) the set of all square-
integrable representations §(p,a) € D where p € C*? and a € Z~q is of the same
parity of p, such that §(p,a) x 7 is irreducible. For any p € C*¢ we denote

Jord,(m) = {a: (p,a) € Jord(m)} C Zso.

The set D is classified by admissible triples (see [39] for details). Any 7= € D
is parameterized by a triple (Jord(m), €x, Teusp), Where €, is a functimﬂ defined on
a subset of Jord(w) U Jord(m) x Jord(mw) which takes values in {£1}, and meysp is
the partial cuspidal support (which was defined earlier).

The construction of irreducible square-integrable representations in [39] starts
with strongly positive representations (e is alternating function on Jord, () in this
case). The simplest example of such representations is the generalized Steinberg
representations. We shall give one more example of strongly positive representa-
tions.

Assume that the reducibility point a = «, , is strictly positive. Take k € Zxg
such that & < o. Then, the representation v *p x v* = +1px ... x v%p x ¢ admits
an irreducible socle, which we denote by

Sl T ), [0l ).
This is an example of strongly positive (square-integrable) representation.
Sometimes when we deal with strongly positive representations, to stress this
we shall add subscript s.p. (we shall not do this for the generalized Steinberg
representations). Therefore, the above representations we shall also denote by

(SS.IIJ,([I/"‘_"'p]7 [kl [v¥]; o).

9t is called partially defined function attached to 7.
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Now we recall Proposition 6.1 from [63], which we use several times in the
paper. (Note that in (vii) of Proposition 6.1 in [63], the condition on parity was
forgotten by mistake.)

PROPOSITION 2.4. Let m € D, p € C*¢ and a > 0. Then,

(1) vep x 7 is reducible if and only if v™% X 7 is reducible.

(2) If a ¢ 37, then v°p x w is irreducible.

(3) p x  is reducible if and only if p has odd parity and 1 & Jord,(r).

(4) If a & Jord,(m), then v(@FY/2p % 1 is irreducible.

(5) If a € Jord, () and a + 2 & Jord,(7), then v\@t1/2p % 1 is reducible.

(6) Suppose that a and a+2 are in Jord,(r). Then, v@TY/2px 1 is reducible
if and only if €((p,a)) = e((p,a + 2)).

(7) v'/%p x 7 is reducible if and only if p is of even parity and either 2 &
Jord,(m), or 2 € Jord,(m) and €((p,2)) = 1.
In other words, v'/?p x 7 is irreducible if and only if either p is of odd
parity or 2 € Jord,(m) and €((p,2)) = —1.

2.11.1. On computing of Jordan blocks. Next, we recall how to compute
the Jordan blocks of any 7’ € D.
Suppose that 7’ is a subquotient of

p1 X e X pr X 0,

where p; € C and 0 € C%. Fix p € C*? and let o = apo. Let n=0if o € Z and
1 = 1 otherwise.
If no v%p, x € %Z is a factor of ', then

Jord,(7') = {n+1,n+3,...,2a — 3,2a — 1}.

(Note that for a = 0, Jord,(7’) = 0.)
In the general case, we recall Proposition 2.1 of [39], from which we can compute
Jordan blocks in general.

PROPOSITION 2.5. Let x,y € %Z be such that x —y € Z>o and v — o € Z.
Suppose that m € D embeds in the induced representation

sl s ox vYp

T Vip X XV
Then,
(1) If y >0, then 2y — 1 € Jord, (') and
Jord,(m) = (Jord,(7") \ {2y — 1}) U {2z + 1}.
(2) If y <0, then 2z +1 and —2y + 1 are not in Jord,(n’) and
Jord,(m) = Jord,(7") U {2z + 1, -2y + 1}.

REMARK 2.6. The Local Langlands correspondence for the general linear group
(22], [23]) gives a bijection ® between the set D (resp., C) and the irreducible
representations of the Weil-Deligne (resp., Weil) groupﬂ (Recall that (p,n) —
d(p,n) gives a parametrization of D by C x Z~.)

J. Arthur has obtained in [I, Theorem 1.5.1] a classification of irreducible
tempered representations of classical groups attaching to them pairs of admissi-
ble homomorphisms and characters of the component groups of the admissible

10An alternative classification of C is given in [12].
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homomorphisms. C. Meeglin has proved in [38, Theorem 1.3.1] that the admissible
homomorphism attached to 7 € D is
® (o).

o&Jord(m) ( )
In this way one gets a classification of D in terms of (certain) finite sets of C¢
and functions on these sets with values in {£1}. In addition, [38], Theorem 1.5.1]
7 € C if and only if for any p € C*¢, €,(5(k,2)) = —1 whenever 2 € Jord,(r) and
if k € Jord,(7) with k£ > 2 then k — 2 € Jord,(7) and e, ((0,k)) # e((,k — 2)).
Finally, if o € C* and Jord,(c) # () then

a _ 1l4max Jord, (m)
p,o 2

while if Jord,(c) = 0 then a,, is 0 or & according to the parity of p (see [36] or
[39]). One can find in [67] more details and precise statements related to the above

discussion.

2.12. Induction of GL-type

Next we shall recall the results of [31], except that we shall formulate them in
terms of the Langlands classification. As above, a = «, » denotes the reducibility
point (then p = p7). Let 7 € Irr.

If supp(w) contains v*p or v~ %p, then 7 % o is reducible ([31]).

Suppose now that supp(w) does not contain v*p or v~*p. Assume that all
members of supp(r) are contained in {#*+%p : k € Z}, for some fixed z € 3Z. Write
7w = L(d), for some d € M(D). Denote by dsg (resp. d<g) the multiset consisting
of all § in d such that e(d) > 0 (resp e(d) < 0), counted with multiplicities. Then,
if 7 is a ladder representation or if a < 1 and all members of supp(7) are contained
in {v*+%p; k € Z}, then holds

(2.23) L(d) x o is reducible <= L(dso) x L(d<o)" is reducible .

A very special case is the following very useful result proved already in [61].
For A € §(C) holds:

0(A) % o is reducible <= 6 x o is reducible for some 6 € A.

REMARK 2.7. (1) We shall often use the following simple consequence of
Proposition 3.2 of [63]. Let p € C*¢ and assume that 7 € Irr is supported
on

{v*"*?p:2€Z} for some fixed z€R\ iZ.
Then, 7 x ¢ is irreducible.
(2) One can combine the above fact with the Jantzen decomposition (see
section 8 of [70]) to get further irreducibilities. We shall do it later in the

paper. One can get these irreducibilities also directly from Proposition
3.2 of [63].

2.13. Technical lemma on irreducibility
LEMMA 2.8. Let di,dy,d3 € M(Dy) and 7 € T Write d; = (31",...,0\")),
1=1,2,3. Suppose
(1) L(dy) x L(da) s irreducible;

(2) L(dy) x L(d2)™ is irreducible;
(8) L(dy) x L(ds;T) is irreducible;
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(4) e(s
(5) d; =
Then,

> e(d) forall i=1,2, 1<j<k, 1<I<ky
d?,i=1,2,3.
L(dl) X L(d2+d3;7’)

1s irreducible.

PRrOOF. First, L(ds 4 ds; 7) is the unique irreducible quotient of A\(dg + d3; 7).
Condition (4)) implies that L(ds) x L(ds; 7) is also quotient of A\(ds + ds; 7). There-
fore, L(ds + d3;7) is (the unique irreducible) quotient of L(ds) x L(ds; 7). This
implies that L(dy) x L(dy + d3; 7) is a quotient of L(dy) x L(d2) x L(ds; 7). Since
L(dy) x L(dg) x L(d3;7) = L(dy + d2) x L(d3;7), by condition (1)) the last repre-
sentation is a quotient of A(dy 4+ da + d3; 7). This implies that L(d;) x L(ds + ds; 7)
has a unique irreducible quotient, which is L(d; 4+ d2 + d3;7), and that this quo-
tient occurs with multiplicity one. Observe that - imply L(dy) x L(da) »
L(ds;7) = L(dy)” x L(da) x L(ds; 7). Therefore, L(dq) x L(da + ds; 7) is a quotient
of L(dl)v X L(dg) X L(dg,T)

Obviously, L(dy)"x L(da+ds; T) is a quotient of L(dy)” x L(dz) x L(ds; 7), which
implies that L(d;+da+ds; 7) is a quotient of L(dy) x L(da+ds; 7). Now observe that
implies L(dy+da+ds; )T = L(dy+da+dsz; 7) and L(da+dz; )T = L(da+ds; 7).
Therefore,

L(dy + do + ds3; 7) = (L(dy)")" % L(dy + d3;7) = L(dy) x L(dg + d3; 7).
This implies the irreducibility of L(dy) x L(ds + ds3; 7) since L(dy + da + d3;7) is a
unique irreducible quotient of L(d;) x L(ds + ds; 7), and it has multiplicity one in
L(dl) X L(dg + d3; T). ([l

In the paper, we shall use the following special case of the above lemma:

COROLLARY 2.9. Let p € C*% and 7 € T°. Suppose that dy,ds € M(D,) are
such that all elements in their supports are contained in either {1/’”%/) ckeZ} or
{vFp: k€ ZY. If the following three representations

L(dl) X L(dg), L(dl) X L(dQV), L(dl) X T

are irreducible, then
L(dl) X L(dg; T)

is irreducible. O

2.14. Distinguished irreducible subquotient in induced representation
Fix p € C*% and o € C°. Let ¢ be a multiset of elements of representations in
{V"*5p ke Z} (C M(C) C M(D)).

Then, A(c") has a unique generic irreducible subquotient (which has multiplicity
one in A(c")). Denote it by A(c")gen. Now the formula directly implies that
the multiplicity of A(c")gen ® o in sgr(A(c) x o) is one. This implies that A(c) x o
has a unique irreducible subquotient m which contains A(c")gen @ 0 in sgr(7) as a
subquotient. We denote this 7 by

Ale; p)+-
Clearly, it has multiplicity one in A(c) % o.
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Let now ¢ be a (finite) multiset of elements of
{Vrp: ke Z}.
Then, A(c'+c,) has a unique generic irreducible subquotient (which has multiplicity
one in A(c! + ¢,)). Denote it by A(c" + ¢y)gen. Again the formula [2.7) directly

implies that the multiplicity of A(c! + ¢,)gen ® 0 in sgL(A(c) x o) is 2m(p:€) wwhere
m(p,c) is the multiplicity of p in ¢. In this case we have the following

LEMMA 2.10. Suppose that ¢ does mot contain the reducibility point v%p, or
that o > 0. Then, X(c) X o has a unique irreducible subquotient m which contains
A" + cu)gen ® 0 in sgL(m) as a subquotient. We denote this m by

e p)+-
It has multiplicity one in X(c) X o and its Jacquet module contains A(c' 4 cy) gen @
with multiplicity 27(P-)

PROOF. It suffices to show that the Jacquet module of A(c; p) . contains A(c +
cu)gen ® o with multiplicity 2m(p:¢)  We now prove this claim.

First consider the case when ¢ = Y1 | A;, for some A; € S(C) such that
A;” = A, for all i. We shall see by induction that in this case the lemma holds,
and we shall show that A(c; p) 4 is a subrepresentation of ([]\—, 6(A;)) x 0. By the
theory of R-groups it is enough to prove the claim when all A; are different, and
all A; contain v%p.

Let i = 1. Denote Aj o< := {l/ﬁp € A;; 8 > a}. Consider §(Aq \ Ay <) %
0(A1,a<;0) and 6(Aq) x o. The last representation has length two. In the Jacquet
module of both representations, A(c" + ¢,)gen ® o has multiplicity 2 (as well as of
A(c) x ). From Jacquet module easily follows that §(A1) X o € 6(A1 \ Ay <) X
d(A1,a<;0). This, together with the above multiplicities of At +¢Cy)gen @0, imply
the claim.

For i = 2, we consider 6(A1) X A(Ag; p)+ and §(Az) x A(Aq; p)+. We conclude
in a similar way. Multiplicity of A(c! +¢,) gen ®0 is now 4 in both Jacquet modules
(and in Jacquet module of A(c) % o).

For the general case, we consider 6(A1) X AM(Ag + -+ + Ay p)+ and 0(A,) %
AMAL+ -4+ Ap_1;p)+ (see also Proposition 5.1 of [68], and its proof).

Now we go to the proof of the general case. The first observation is that one
can easily show that there exists ¢/ € M(C) such that

(1) s.s.(A(e) @ 0) =s.8.(\() x0)

(2) there exist Ay,..., Ak, T'1,...,T; € §(C) such that

(@)  =A1 4+ A +T1+--+ T

(b) ¢c(A;) >0and pe Ay, i=1,...,k;
( ) Ai+1 UAi+1ngiﬁAiv,izl,...,k—l;
(d) «(T';) >0and pg Ty, j=1,...,1;
(e) T is not linked to any other I'j/, or any A;, j=1,...,1
(f) T';” is not linked to any A;, j =1, .. .,E

b
¢
d

g get these segments, one consider v*p € ¢ with maximal |z|. Then, 1/|””‘p is the right
end of Aj or I'; (it depends on the fact if by the process that follows one will reach p or not).
Then, one looks if v1*1=1p € ¢ or v=(2I=1)y € ¢ (if there is no such a member, then the first
segment consists of I/lz‘p and we repeat above search with ¢ — (v*p)). If yes, one has the next
point of the segment of cuspidal representations and we continue the above procedure (looking for
an exponent which is smaller for one then the previous exponent) as long as we can, in forming
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Observe that k = m(p, c).

Suppose that the claim does not hold for this ¢ (and o). This implies that in
A(c) % o there exists an irreducible subquotient 7 such that the multiplicity m of
At + Cu)gen @ 0 in sqr(m) satisfies 0 < m < 2k We know

k l
(2.24) m < (o) x ([[ o) =o.

since the multiplicity of A(c" + Cu)gen ® 0 in the Jacquet module of the right-hand
side is 2%, which is the same as it is in A(¢/) x o (we shall use this argument also
below, without repeating this explanation). The above inequality implies
k k k l

T\ a0) xr < ([T o0a\ a0) x ([T 6(20) x ([T 50,)) = o

i=1 i=1 i=1 j=1
Denote A = A;UA;” and ¢/ = A +---+ AY + T4 +--- +T;. Considering how
on the right-hand side we get A((¢”)" 4 ¢)gen ® o in the Jacquet module (all of
them we get from terms of (¢ + ¢y)gen ® o multiplying with §(A; \ A;”)’s and
taking appropriate subquotient), we conclude that its multiplicity in the left-hand
side is m. Therefore, there is an irreducible subquotient ©” of the left-hand side

which has A((¢")" 4 ¢/]) gen @ 0 in its Jacquet module with multiplicity m. Now in
the same way as in the case of (2.24)), we conclude

l k
(2.25) 7 < (H 5(T;)) x (H 5(A")) % 0.

Write I'; = [v93:0p,v9<p]. Denote I'j = [v=95<p,v90~1p], T = T; UT}, ¢ =
A+ + Al +T7+---+T}. Then,

! 1 ! k

(JTo@i)) <" < (I o) < (T o)) = (Js(a7)) 0.

j=1 j=1 j=1 i=1
Considering how on the right-hand side we get A((¢/)T +¢///) gen, ® 0 in the Jacquet
module (all of them we get from terms of A((¢”)T +¢/!) gen, ® 0 multiplying with the
following two &([p, v93:< p]) x 8([vp, v93:4 = pl), 8([vp, 9 p]) X 8([p, v93:+~ p] ) subquo-
tients of M*(0(G';))’s, and taking appropriate irreducible subquotient ), we conclude
that its multiplicity is 2'm in the left-hand side, which is strictly smaller then 25+,
Directly follows that this multiplicity is positive. This is a contradiction with the
first part of the proof. The proof is now complete. ([

REMARK 2.11. (1) If o is generic, then A(c;p)4+ is generic (then o €
{3.,1}; we do not consider here reducibility at 0).
(2) Since C C D, then M(C) C M (D). We say that m € Irr is cogeneric if
m = L(d) for some d € M(C).
Let ¢ be a multiset of elements of {v¥*2p : k € Z}. Then, A(c)
has a unique cogeneric irreducible subquotient (which has multiplicity
one in A(c")”). Denote it by A(c|)eogen- Now the formula directly

the first segment of cuspidal representations. After we cannot continue the above procedure, we
have got the first segment (which is A; or I'1, depending if p is in it, or not). Now we repeat the
above procedure with ¢ from which we have removed terms used in the above process. We repeat
these steps as long as there are remaining members of c¢. In this way one gets segments in .
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implies that the multiplicity of A(c))cogen @ 0 in sgr(A(c) x o) is one.
This implies that A(c) X o has a unique irreducible subquotient 7 which
contains A(c})cogen ® 0 in sgr,(m) as a subquotient. We denote this 7 by

e p) -

We define representation A(c; p)— analogously for a multiset ¢ of represen-
tations in {V’H%p : k € Z} (in this case we consider \(c'™ + Cu)cogen @ T).
Then, the analogue of Lemma holds for A(¢; p)—. Furthermore,

(2.26) A p)l = Ales p) -

Suppose that @ = A(¢; p)+ is square-integrable, and A is a segment contained
in {v*2p : k € Z} or {v*p : k € Z}, such that A = A". Then, we denote
™= Ac+A;p)y by

T(Ag;m).

One directly sees that 7(Ap;7) < 6(A) x w. Furthermore, if 6(A) x 7 is reducible,
then it decomposes into a direct sum of two nonequivalent irreducible (tempered)
representations. The other one we denote by

(Ao m[M

2.15. Some well-known ways of obtaining unitarizability

The standard way of obtaining new unitarizable representations from old ones
is by parabolic induction, which preserves unitarity (unitary parabolic induction).

One can also deduce unitarizability in the opposite direction. Namely, if 8 is an
irreducible hermitian representation of a Levi subgroup M of a parabolic subgroup
P of a reductive group G, and if Ind%(#) is irreducible and unitarizable, then 6 is
unitarizable. This method of proving unitarizability will be called unitary parabolic
reduction.

A third way of proving unitarizability is by considering limits. If 7, is a se-
quence of irreducible unitarizable representations of a reductive group G, 7; irre-
ducible representations of G and m; € Z-( such that distribution characters ©,
of 7, converge pointwise to ), m;0,, then all 7, are unitarizable ([35]).

A fourth way of proving unitarizability is by considering families. If a continu-
ous family of irreducible hermitian representations of a reductive groups G contains
at least one unitarizable representation, then all representations in the family are
unitarizable. (For a definition of continuous family of representation see [58, §3
(b)),

Furthermore, if a continuous family of irreducible hermitian representations is
parameterized by unbounded set of unramified parameters, then all the represen-
tations in the family are non-unitarizable (see [51] for more details).

The above methods of proving unitarizability can be easily modified for proving
non-unitarizability.

12Note that 7(A_; ) is not related to the representations of type A(c; p)—. Furthermore,
note that if 7 is a cuspidal representation o, then 7(A4;7) = 6(A4;7).
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2.15.1. We will use the following elementary, but powerful, consequence of
unitarizability.

LEMMA 2.12. Let P be a parabolic subgroup of a reductive group G over a non-
archimedean local field. Let o be an irreducible representation of the Levi part M of
P and let TI = Ind}Gp o. Assume that o or ot is unitarizable. Then, the length £ of 11

is at most the multiplicity m of o in the Jacquet module Jp(I1). Moreover, if £ = m,
m

——
then there exists a direct summand of Jp(II) isomorphic tom-c =0 @ --- D o.

ProoOF. Using duality, it is enough to consider the case where o unitarizable. In
this case II is unitarizable, hence semisimple and therefore ¢(II) < dim Hom (II, IT)
which by Frobenius reciprocity is equal dim Homs(Jp(IT), o) < m.

Moreover, if ¢ = m then necessarily m = dim Hom;(Jp(II), o). Upon replacing
o by its contragredient and P by an opposite parabolic, we also get that m =
dim Homs (o, Jp(II)). Therefore,

w:= Z Im(¢) 2m- o and Jp(Il) =w & ﬂ Ker ¢
p€Hom (0,7 p (1)) p€Hom  (Jp (11),0)

as claimed. O

2.16. Reduction of unitarizability to the weakly real case

7 € Irr® is called weakly real if it is a subquotient of a representation of the
form

vipy X oo X U R pp X0,

where p; € C satisfy p; = p;”, 7; € R and ¢ € C%. Now we recall [63, Theorem 4.2

(1)]:

THEOREM 2.13. For any unitarizable © € Trr® is unitarizable there exist a
unitarizable 0 € Irr and a weakly real unitarizable ©’ € Irr® such that

T=0 X,

Note that [63], Theorem 4.2 (ii)] gives a more precise reduction then the above
theorem. Since [55] Theorm 7.5] (which we recall below) gives a classification of
unitary duals of general linear groups, the above theorem reduces the unitarizability
problem for classical p-adic groups to the weakly real case.

For § € D, and m > 1 denote by u(d, m) the unique irreducible quotient of
ety B A 1/*%(5, which is called a Speh representation. Let Brigiq
be the set of all Speh representations, and

B = B(F) = Byigia U{r*c x v ;0 € Byigiq,0 < a < 1/2}.

Now the following simple theorem solves the unitarizability for archimedean and
non-archimedean general linear groups in the uniform way:

THEOREM 2.14. The mapping (o1, ...,0%) — 01 X -+ X 0y, defines a bijection
between M (B) and U,>o GL(n, F)".
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2.17. Computing irreducible subquotients

The following simple lemma will be often used for computing irreducible sub-
quotients.

LEMMA 2.15.
(1) Suppose that we have a diagram
0 PP P IT 0
b

where the top row is a short exact sequence. Assume that X is finitely
generated and X £ ¥o. Then, the cosocle of ¥ and the cosocle of 11 have
a common irreducible constituent. In particular, if the cosocle of 11 is
irreducible, then it occurs in the cosocle of X.

(2) Suppose that we have a diagram

0 Yo b II 0

|

by

where the top row is a short exact sequence. Assume that Yo is finitely
generated and > £ 1I. Then, ¥ and the cosocle of Yo have a common
irreducible subquotient. In particular, if the cosocle of ¥o is irreducible,
then it occurs in .

O

Indeed, in the first part we get a map II —» X where X is the quotient of 3 by
the image of the composition Yo — ¥; — X. In the second part, the composition
Yo — X1 — X is non-zero.

REMARK 2.16. Let w = d([—a, a]?)) be a square-integrable representation and
let 7 be an irreducible subquotient of TI. Then, the multiplicity of w ® 7 in pu*(w %
IT) = M*(w) x p*(IT) is equal the multiplicity of w ® 7 in

(2 Z 5([—i,a)?) @ 8([i + 1,a) ) +l®w) 0 (I0)

i=—a



CHAPTER 3

Unitarizability in the Critical Case (Corank 1 and
2)

From now until we fix p € C*¢ and o € C?. Let o = o € 3Z>0 be such
that

[@]?) xo (=v% xo0)
is reducible. Recall that we set n = 0 if @ € Z and n = 1 otherwise so that
a — %’I’} S Zzo.
For simplicity, we suppress the superscript p from the notation. Thus, we write
[2] instead of [2](P).

For any k> 0 and x = (21,...,7%) € R¥, consider the induced representation
Iy = [x1] X -+ X [zg] X 0.
We say that x is critical if {[z1],...,[xg]} forms a segment of cuspidal represen-

tations (possibly with multiplicities) that contains the reducibility point [«]. The
goal of this and the following chapters is to study the irreducible subquotients of
II; and to determine which ones are unitarizable in the critical case for k < 3.
Since the composition series of Iy depends only on the orbit of x under signed
permutations, we may assume without loss of generality that x € Rﬁ 4, where

R’j_+ ={xeRF:0<z; < - <},
and x is critical. Later on, we shall also use the notation

Rﬁ ={xeR*:0<z1,...,21}.

3.1. Extreme cases

Suppose that the x;’s are distinct. We have two extreme cases in this setting.
The first is when 1 = «. Then, II,, . .. is a regular (multiplicity one) representa-
tion of length 2™. All but two of its irreducible subquotients are non-unitarizable,
the exceptions being the generalized Steinberg representation §([a, @ + n — 1];0)
and its dual.

Now we shall consider the opposite extreme, when
Ty = Q and x1 > 0.

Once again, one easily sees that I, . .. is a regular representation of length 2.
We claim that all irreducible subquotients are unitarizable.

It is also easy to describe the Langlands parameters of all the irreducible sub-
quotients. The tempered parts of Langlands parameters are precisely

S(*1p),... [vp;0), k=0,...,n.

27
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Then, one gets GL-parts of Langlands parameters from partitions of the remaining
exponents
VafnJrlp’ Va7n+1p, o I/aikp.

To see that all the irreducible subquotient are unitarizable we argue by induc-
tion on n. The case n = 0 is trivial. Suppose that n > 0 and take any irreducible
subquotient 7 of I, ... ,,). Clearly, there exists an irreducible subquotient m_ of
IT,,. .. s, such that 7 < [« —n+1] x 7_. Observe that x5 > %, and that by Jantzen
decomposition, all the representations

[l x7m_, 0<z<a-1

are irreducible (they are hermitian, since p is F’/F-selfdual). Since m_ is unita-
rizable by the inductive hypothesis, we have complementary series, and 7 is at the
end of these complementary series. Therefore, it is unitarizable.

3.2. Tempered representations in critical case, corank < 3

We first describe the irreducible tempered representations that are subquotients

of
H(xl,...,mk)7 0<e; <o < Tk, k< 3.

(It is easy to reduce the general case to the critical case.)

First we make a simple observation.

It is a direct consequence of the classification of square-integrable representa-
tions in [39] (cf. [66], in particular §34) that if o € Z and x1 > 0 or if @ ¢ Z and
To > % then every irreducible tempered subquotients of Iy will be strongly positive
(and in particular, square-integrable).

First we shall list all the square-integrable representations. A direct conse-
quence of [39] is that if a square-integrable 7 is a subquotient of I, then x is
critical.

The classification of square integral representations in [39] easily implies the
following

PROPOSITION 3.1. The following are the square-integrable representations in
the cases k < 3.
(1) k=0: o itself.
(2) k =1: The representations

o([a);o), a>0.

(3) k=2:
(a) 6sp.(lo—1],[0;0), a>1.
(b) 6(Jo,e +1];0), «a>0.
(c) 6([0,1]4;0), a=0.
(4) k=3:
(a) 5S'p_([04*2],[0z*1],[0&];0’), a>2.
(b) bsp.(la —1], [, + 1];0), 04>1E|
(c) 6(Ja,ae +2];0), «a>0.
(d) o([- 5@] o), a=j3.
(e) 5(10,2)5:0),  a=0.

IThe socle of [ — 1] X §([o, @ + 1]) x o
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Now we shall describe the non-square-integrable tempered subquotients of rep-

resentations Il . ..), k¥ <3, in the critical case.

PROPOSITION 3.2. Suppose that we are in the critical case (i.e. {x1,...,
is a Z-segment in Z or % + Z, with possible multiplicities, which contains o). The
following are the tempered, but non square-integrable, irreducible subquotients of Tlx

for k < 3.
(1) k=1:
T+, for a=0,
where
p>40:7'+€BT_E|
(2) k=2:

(a) 7([0]£;0([1];0)), a =1, where
[0] x 6([1];0) = T([0}+;5([1]'0)) @ 7([0]-;6([1];0)) [

(b) 5([*%,%] ;0) a=3 , where
5([~3:3) % 0 = 8([= 3, 3]+:0) ®8([~3. 3] 0)]]
(c) [0] X 74, a =0, where
pHRO=T4DT_.
(3) k=3:
(a) [0] x [0] x 74, a=0 (Olxe=1r7).
(b) [0] x 7([0]+;6([1];0)), a=1.
(c) 6([-1,1]x;0), o =1, where

5([—1, 1]) No = 5([_17 1]+§U) D 6([_17 1]7§U)H
(d) 6([-1,1]1;0), a =0, where

6([-1,1]) @ o = 8([-1,1]450) ® 6([-1,1]-;0)

(e) [0] x 7([0]+;0([1];0)), a=1.
(f) (=3, 3)) x 8([5; 0), a=1
(9) T([0]%; ds.p.([1], [2]; )) o =2, where
[0] % ds.p.([1], [2];0) = T([0] 45 0s.p. ([1], [2]5 ) @ T([0] 5 05 . ([1]; [2]5 ).
(h) 7([0]+;0([1, 2]; 0)), o =1, where

[0] % 6([1,2;0) = 7([0]4;6([1,2; 0)) @ 7([0] —; 6([1, 2); 0)) ]
(i) [0]  6(0,1]s:0),  a=0.

2We shall denote 7+ also by §([0]+;0).
34 51gn corresponds to the representation with §([0,1]) ® o in its Jacquet module.
45(-1 5 2]+, o) has [%} X [%] ® o in its Jacquet module

56(]—1,1]4;0) is characterised by the property that it has 6(]0,1]) x [1] ® o in its Jacquet

module

65(]—1,1]+; o) is characterised by the property that it has [1] x [1] @7+ in its Jacquet module
Tr([0] 4 0s.p. ([1], [2]; o)) is characterised by the property that it embeds into a representation

of the form [1] x A (see [68]).
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REMARK 3.3. For the description of composition series of representations Il,
k < 3 in the critical case, we will use the following non-critical irreducible tempered
representation

(1) k=1:
0] x o, «a&{1,2} (for II(g,2) as well as for II(g 1 1y and I g1y if
a=1).
(2) k=2:
(a) [0] x [0] % o, a =1 (for T 0,1))
(b) §([-%,3]) %o, a =2 (for 11 3y)
(c) [0] % 6([2]; 0), a =2 (for I(o1,2))-

With the above description it is easy to describe JH(IIy) for any given x € R3.
Henceforth, we will do so in the critical case without further explanation.

3.3. Composition series in critical case, corank one

For the rest of this chapter we deal with the case k < 2 (and x critical).
We start with the corank one case.

3.3.1. x=(a) and o > 3.
PROPOSITION 3.4. Suppose that o > % Then,
(1) In the Grothendieck group we have
M = [a] % o = L(la: o) + 6([al; 0).

(2) Both L([a];0) and 6([a];0) are unitarizable.
(3) L([e]; 0)" = d([o]; o).
(4) We have

p(0([of;0)) = 1@d([of;0) + [e] @0, p*(L([a];0)) =1® L([a];0)) + [-a] @ 0.
O
Moreover, by Proposition E|
(3.1) Jord,(6([af;0)) ={n+1,n+3,...,200 — 3,20 + 1}.
3.3.2. x = (o) and a = 0. In this case [0] % o is unitarizable and decomposes
as a sum of two irreducible tempered representations
[0] % o = 6([0]+; ) & 6([0]-; 0).
We have
£ (0([0)+;0)) = 1®6([0]+;0) + [0] @ 0
Note that
8([0]+:0)" = 8([0]—; 0).

8In the sequel we shall conclude Jordan blocks from this proposition unless otherwise
indicated.
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3.4. Composition series in critical case, corank two
3.4.1. x=(a,a+1) and a > 3.
PROPOSITION 3.5. Suppose that o > % Then,
(1) In the Grothendieck group we have
H(a,aJrl) = [a+1] X [Oz} XN o=+ 7o+ T3+ T4
where
m = Lo+ 1], [];0), m = L(la + 1);5((al; o))
3 = L([a,a+ 1];0), 74 = §([o, 0 + 1];0).

(2) The representations w1 and w4 are unitarizable and 7rf = my.
(8) The representations ma and 73 are not unitarizable and & = 3.

0
We have
(3.2a) p'(m)=1@m +[—a—-1]® L([a];0) + L([-a — 1, —a]) ® 0.
) = 0 - e dleko) o 0 ot Al o
(3:2) +a] x[—a-1®@c+ L([a], [+ 1]) ®
(3.20) pi(ms) =1@ms+ [—a] ® [a+1]>40+[04+1]®L(H o)
' +6(—a—-1,-a))®@0c+[-a] X [a+1]® 0,
(3.2d) pi(my) =1@ms+ [+ 1] @([a];0) + (o, a+1]) @ 0
One easily gets that
(3.3) Jord,(ms) ={n+1,n+3,...,200 — 3,20+ 3}.
Furthermore,
[+ 1] x L([a];0) = 71 + 73,
[+ 1] x §([a]; 0) = 79 + 74,
L([a], [+ 1]) x o = m + 7o,
([, e + 1]) X 0 = 73 + 74.

3.4.2. x=(a,a) and « > 1.
PROPOSITION 3.6. Suppose that o > 1. Then,
(1) In the Grothendieck group we have
Mig,a) =m + 7%
where
m1 = la] x §([e];0) = L([a];0([e]; ), 71 = [o] % L([a];0) = L([a], [e]; 0).
(2) Neither w1 nor w} is unitarizable.

Clearly,
a,0) = [a] @ 6(a]; 0) + [a] x L([o]; 0).
Since [a] x 6([a]; o) and [o] x L([a]; o) are irreducible by () of Proposition [2.4] and
, we obtain the first part.
To show that 7 is non-unitarizable consider the family of representations

Vs = [s] @ d([af;0), seR.
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It is irreducible for o < s < a4+ 1 and 7,41 admits a non-unitarizable irreducible
quotient by Proposition Therefore, m; = 7, is not unitarizable. A similar
argument applies to w’{.

3.43. x=(a—1,a) and a > 3
PROPOSITION 3.7. Assume o > 2. Then,
(1) In the Grothendieck group
Mig—1,0) = m1 + T2 + T3 + 74
where
m = L(la—1,a];0), m = L(la—1];§([a];0)),
w3 = Lo — 1], [a];0), 74 = bsp ([ — 1], [a]; 0).

(2) m,ma, w3, w4 are unitarizable.
t_ t_
(8) 7 =m, wh=ms.

The representation Il(,_1 ) is regular and admits the following two decompo-
sitions in the Grothendieck group

H(afl,a) = [Oz] X [Oé—” ><10':H1 +H2:H3+H4
where

I, = [a—1] x L([a];0), M3 =[a—1] xd([a];0),

I3 =6(la—1,a]) xo, Hy=L(la—1],[a]) xo.

Moreover, we have the decompositions

(34) H3:7T1 +7T2, H4:7T3+7T4.
This further implies
Iy =m +m3, Iz =me+my

Furthermore,

p'(m)=10m +[—a+1]® L([a];0) + §([-a, —a + 1]) ® 0,
1w (ms) =18 m+[a] @ [a — 1] x 0 + [~a + 1] @ 8([al; o)
+[—a+l]x[a]®@c+d(a—1,a]) @0,
pi(ms) =1@ms+[—a]@la—1]xo+[a—1]® L([af;0)
+tla-1]x[-a]@o+ L([-al,[~a+ 1)) ®o0,
pr(ma) =1@m+a—1]@d([af;0) + L([a = 1], [o]) @ 0.
We also note that

Jord,(ms) ={n+1,n+3,...,200 — 5,200 — 1,2 + 1},

and the partially defined function € pertaining to m4 takes opposite values at 2a—1
and 2« + 1 (use the fact that 4 is strongly positive; see [39]).
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3.4.4. x=(0,1) and o = 1.

PROPOSITION 3.8. Suppose that o« = 1. Then,
(1) In the Grothendieck group we have
I,y = 71 + 72 + 7T3+ + s
where
m = L([1];[0] x 0), m2 = L([0,1];0), 5 = 7([0]+;8([1];0)).
(2) T, 7o, T are unitarizable.
(3) mt =7d and 7b = 75 .
Note that
I,y =10 + 11
where
I, = [0] x L([1]; o), Iy = [0] x 6([1]; 0)
and
H1 = T +7T2, H2 :71';_ +7T3_

Clearly, II; and IIs are unitarizable.

Moreover,
(3.6) 5([0,1)) x o =m + 75, L([0],[1]) x 0 =71 + 75 .
Finally,
(3.7a) pr(m) =1om+[-1]@[0]xo+[0]e ([ o)
+2L([-1],[0]) @ o + 6([-1,0]) ®
(3.7b) p(me) =1@m + [0] @ L([1};0) 4+ 6([-1 ])

u*(w§)=1®w§+[1}®[0]>w+[}®6(H;a)
+26([0,1]) ® o + L([0], [1]) ® 0,
(3.7d) p(my) = 1@y +[0]®d([1];0) + L([0], [1]) ® 0.

3.4.5. x=(3,3) and a = 3.

(3.7¢)

PROPOSITION 3.9. Suppose o = % Then,
(1) In the Grothendieck group we have

H(%,%) =T + 7o + T3 + Ty

where

(2) m, 7o, w3, T4 are unitarizable.
t_ t_
(8) wt =ms, 7 = my.

‘We have
6([-

,%]) X 0 =T + o, L([—%], [%]) X o =T+ Ty

N

and also
(2% 6((8s0) = m1 474, 3]0 L([8J;0) = 72 + 5.
This implies that 7{ = w3, 75 = 4.
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Finally,
pr(m)=10m +[5]® 5] xo+[31@(5];0)
+0(-3, i) eo+ 3 x A ®o,
pi(m)=1®m +[3]®L 5([-3.3] @0,

3.4.6. x=(0,1) and oo = 0.

ProrosiTION 3.10. Suppose that o« = 0. Then,
(1) In the Grothendieck group we have

H(O,l) = ﬂf + 7 +2m + 7r§r + 73,
where
7t = L([1];6([0]50)), w2 =L([0,1];0), w3 = 4([0,1]+;0).

(2) All the irreducible subquotients of Il 1y are unitarizable.
(3) We have

(7)) =7F, wh=m.
(4) Jord,(nF) = {1,3}.

PrROOF. By Propositions [3.1] and [3.2] it follow that {7, 7, , 72, 74,5 } is the
Jordan-Holder series of 1o 1). Note that

(3.9) o1y = Iy + Iy = I3 + 113,
where
I, = 6([0,1]) @ o, Ty = L([0],[1]) x o, TF =[1] x6([0];0).

Observe that implies that 7r§E and 7o are the only possible subquotients of I1;.
Since T =TI and [I(p,1) has length > 5, we conclude that all three representations
are subquotients, which further implies that the Jordan-Hoélder series of IIs consists
of 3 irreducible representations. Since each 7r3jE has in its Jacquet module §([0, 1])®o,
and the multiplicity of it in the Jacquet module of II(g ) is two, we conclude that
the multiplicity of each 7r3i in I 1) is one. Therefore, IT; = 73 + 75 + m2. Both
wf have multiplicity one in Il ), which implies Iy = wfr + m, + m. This implies
(1) (see [486, §5] for the case of Sp(4)).

Multiplicity one of wf[ and 7r§[ in I(g 1), together with , imply & = .
Each of 7 is a subquotient of IT5 (by definition of 75). Also 7i is a subquotient.
This implies I3 = 7F + 7w 4+ 75, Observe that (7F)! # 7t and (7)t # =7
(since IT% = TIy), as well as (7i)f # my (since 7 = my). Now (II5)* = IIF implies
(7)t = w5 . This completes the proof of .

All the irreducible subquotients of Il ;) are unitarizable, since they are sub-
quotients of ends of the complementary series starting with §([—3,1]) x ¢ or
L([=3],[3]) @ 0.

Proposition implies . The proof is now complete. [
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Observe that we have proved above the following equalities (which we shall use
later)
(3.10) Hétzﬁli+7r2+7r§t, H1:7r§r—|—775+7727 H2:7r1++7rf+7r2.
Further, we directly get

(3.11a) P () =107 + [1] @ 6([0]+;0) + 6([0,1]) ® 0.
(3.11b) () =1@7f + [~1] @ 6([0]+; 0) + L([~1],[0) ® 0.
(3.11¢) pi(me) =1@m+[0]®[1] x o+ d§(—1,0])) ® o + L([0],[1]) @ 0.

3.4.7. x = (0,0) and a = 0. Here II(( ) is a unitarizable tempered represen-
tation of length two which decomposes as

I(0,0)[0] = [0] » 6([0]4; ) @ [0] % &([0]—; 7).
We have
([0] % 6([0]4;0))" = [0] > &([0] - 0).






CHAPTER 4

Unitarizability in the Critical Case (Corank 3,
a>1)

In this chapter we determine the unitarizability of the irreducible subquotients
of IIx in the critical case for £ = 3 in all cases where o > 1 and in many cases
where a = % or 1. Below we analyse various cases of x.

4.1. x=(a,a+1l,a+2) and o > 1
Recall (see §2.9)) that the representation
H(a7a+1.a+2)

is multiplicity free of length 8 and precisely two of its irreducible subquotients, are
unitarizable, namely, the generalized Steinberg representation and its dual, i.e.

6([a,a+2f50),  L(la+2], [a+1][a];0).
Note that
M,at1,a42) = 1 + 1o + 13 + 11y
where
I = [a+2] x L([a + 1], [of;0), Mg = [a+ 2] x L(la+ 1];([af; 0))
I3 = [+ 2] x L([a, a« + 1];0), Iy =[a+2] x (e, + 1];0).
Each of IIy,II5, II3, 14 is reducible. The representation L([a + 2], [« + 1], [a]; o) is
a quotient of IT; and §([a,  + 2]; o) is a subrepresentation of Il4.

We list below all eight irreducible subquotients of II(4 q41,a42) and describe
how DL duality acts on them

0(fo, o +2)50)" = L(lar + 2], [a + 1], [e]; 0),
L([a+2];8([a,a+1];0)) = L([a + 1, + 2], [a]; o),
Llo+ 1,0+ 2];0([a); 0))" = L([ + 2], [or, 0 + 15 0),
L(la + 1], o+ 2];6([e]; 0))" = L([a, o + 2]; 0).
Obviously both §([a+ 1, +2]) x §([a]; o) and §([a+ 1, a + 2]) x L([a]; o) reduce.
4.2. x=(a,a+1l,a+1) and a > 1/2
PROPOSITION 4.1. Suppose o > . Then,
(1) In the Grothendieck group we have
Ma,a41,a41) = ™1 + T2 + 73 + 7y

37
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where

m = la+1] x L(la+1],[a];0), w2 =[a+1] x L([a + 1];6([a]; o)),
m3=[a+ 1] % L(la,a+ 1];0), 74 =[a+1] x (e, + 1];0)
are irreducible.

(2) None of w1, 7, w3, T4 is unitarizable.
(8) nt =my, 7t = m3.

PrROOF. Recall that
Jord,(§([a, v+ 1];0)) = {n+ 1,n+3,. a—3,2a + 3}

By () of Proposition E 74 and hence also m; = 774, is irreducible.
Furthermore, 73 is irreducible by Corollary . Hence, my = 7} is also irre-
ducible.

To show that 71 is non-unitarizable consider the family
vs = [s] ¥ L([a+ 1], [a];0), s€R.
It is irreducible for a+1 < s < a+2 and 7,42 contains a non-unitarizable quotient
(see §4.1). Hence, m; = 7441 cannot be unitarizable. A similar argument applies
to o, w3, my. (I
4.3. x=(a,0,a+1)and a > 1
PROPOSITION 4.2. Let oo > 1. Then,

(1) We have
H(a7a7a+1) =T + mo + w3 + w4 + 275
where
m = L([e], [o], [e +1];0), m = L([a]; 6([a, @ +1]; 0)),
7T3=L([a]’[@+1];5([a];0)), T4 = L([a], [a,a +1];0),
75 = L(lo, a4+ 1];6([a]; 0)).

(2) m =7t w4 =7k and 7t = 7.
(8) We have

m = [a] X L{la+ 1], [a);0), 72 =[a] ¥ (e, + 1];0),
w3 = L([a], [a + 1]) x §([a];0), 74 = §([a,  +1]) @ L([]; o).
(4) None of my,ma, T3, T4, 75 is unitarizable.
(5) 6([a, e +1]) x 8([a];0) = w2 + 75, L([a],[a+1]) x L([a];0) = 71 + 5.
PrROOF. Write
H(a,a,aJrl) = Hl + H2 + HS + 1_[4
where
Il = 6([a,  + 1]) x L([a];0), Tz = L([a], [ + 1]) x L([a]; o)
I3 = 6(le, a +1]) x 6([a; o), s = L[], [a + 1]) @ 6([a]; o).

First observe that () of Proposwlonﬂand 3) imply that [a] x6([er, a+1]; 0)
is irreducible. Therefore, also its dual is 1rredu01ble This implies that

m1 = [a] X L([a+ 1], [a]; o) and 73 = [a] % 6([a, a + 1]; 0)
(using Proposition . It also follows that 7% = 5.
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Furthermore, both 71 and 72 have multiplicity one in Iy ,a41)-
Consider now II;. By (2.16)), neither 7 nor 73 can be a subquotient of §([a, o+
1]) x [a] % o, let alone of IT;. We show that w5 £ II;. Otherwise, we would get

6([-a—1,=a]) x[a] < (§([-a =1, —a]) + [-a] x [a + 1] + (o, @ + 1])) x [-a],

which obviously cannot be sustained.
It remains to see that mo £ I1;. Assume otherwise. Then,

(lo] + [=a]) x 6([e, a4 1])
< (6([~a—1,—a]) + [-a] x [a+ 1] + §([o, a + 1])) x [—a],
which obviously does not hold. Thus, II; is irreducible and therefore equals 7. By
applying t we get
T3 — H4.

This implies that % = 74, which further implies that 7% = 7.

The non-unitarizability of w1, ms is proved as in §4.2| using Proposition 4.1
part [2| by deforming [«] to [ + 1]. Similarly, the non-unitarizability of w3, my is
obtained by deforming L([a], [ + 1]) and é([e, @ + 1]) to L([e + 1], [ + 2]) and
0([a + 1, + 2]) respectively and using the fact that each of the representations
L([a+1], [a+2]) xd([a];0) and 6(Ja+1, a+2]) x L([a]; o) admit a non-unitarizable
subquotient (using Proposition and the analysis of .

It remains to show that 75 is not unitarizable.

Clearly, m; is a quotient of L([a], [ov 4+ 1]) % L([a];0) and occurs there with
multiplicity one. Hence, w2 occurs with multiplicity one in II3. Using we
infer that

(41) H3:7T5 + mo.
Hence, by duality, IIo = 75 + 1. All in all,
(a,a,a41) = T1 + 72 + T3 + 74 + 275.
Consider
I' = 61 x 75 where 6; = 0([—(a — 1), — 1]).
Then, I'" admits the following two irreducible subquotients (by Proposition
Iy = L(la,a+ 1 7([~ (e —1),a = 1]+;6([a];0))).
Let
Lo = L([—(a = 1),a + 1];6([e]; 0)).

We claim that 'y < T', so that the length of ' is at least three.
Indeed,

To <o([—(a—1),a+1]) x([a];0) < § x 5.
while
01 x I3 =T + 61 X mo
by . On the other hand,
To £ 1 x o
since otherwise
Ty < [a] x 61 x ([, a + 1]; 0)
and this is impossible by . Therefore, I'y < T as claimed.
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Suppose on the contrary that 75 is unitarizable. Then, by Lemma [2.12] the
multiplicity of §; ® w5 in p*(I") would be at least three. Recall

pt () = M*(61) > p* (7).

Now §; ® 1 has multiplicity two in M*(d1). On the other hand, since the support of
75 is disjoint from that of §1, no other term from M™*(d1) can contribute. Therefore,
the multiplicity of 6; ® 75 in p*(T') is two. This contradiction completes the proof
of the proposition. O

44. x = (a,a,a) and a > 1

Consider
H(a,a,a) =T + 72
where
m = o] X [a] x L([a];0), 72 = [a] X [a] ¥ §([a]; o).

The representation 7 is irreducible by of Proposition and the factor-
ization of the long intertwining operator in the Langlands classification. (Here we
use that o > %) Applying the DL involution, we get that w1 = 7} is irreducible as
well.

The non-unitarizability of m; (and similarly ) follows by deforming [a] to
[a+ 1] and the fact that [« + 1] x [a] ¥ L([a]; o) admits non-unitarizable quotients
(See Proposition [£.2]) Alternatively, we can use the fact that m = [a] x [—a] x
L([a]; o) and use unitary parabolic reduction (since [o] X [—a] is hermitian but not
unitarizable).

45. x=(a—1l,a,a+1) and a > 1

Recall that the representation [ — 1] x 0([a, &+ 1]) X o has an irreducible socle,
which is a strongly positive square-integrable representation (see [62] for details of
the description of the classification of strongly positive representations pertaining
to this paper). This representation was denoted by ds p.([a — 1], [o, o + 1]; 0).

ProrosITION 4.3. Suppose o > 1. Then,

(1) In the Grothendieck group we have

Mia—1,a,041) =71+ -+ + 78
where
m =0sp (o — 1], [, a4+ 1];0), 7 =L(la+1],[a—1,0a];0),
w3 = L[ — 1;6([a, a + 1];0)), 74 = L[+ 1], [@], [ = 1]; 0),
5 = Lo+ 1]; s p.([a — 1], [@]; 0)), 76 = L(ja — 1,0+ 1];0),
w7 = L{la+ 1], [ — 1];6([a]; o)), 75 = L([ov, @ + 1], [ — 1]; 7).
(2) mo =7t my =7k, me = 7wk, mg = 7k,

(3) The representations 71, o, T3, T4 are unitarizable.
(4) The representations s, Tg, 77, Ts are not unitarizable.

PROOF OF FIRST 3 PARTS. Note that IT(q_1 o q+1) is regular (i.e., all Jacquet
modules of II(4—1,4,a41), including Il(n_1,4,a41) itself, are multiplicity free). The
first part therefore follows from the description of JH(II(q—1,0,a+1))-
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By Proposition [3.5| we have (in the Grothendieck group)
(4.2) Ma—1,a,041) = 11 + Tz + 3 + 11y
where
M = o —1] % L(ja + 1 [l o), T = [a — 1] x L(la + 1];([a]; 0))

3 =115 = [a — 1] x L([a, a + 1];0), My =114 = [a — 1] x §([o,  + 1]; 0).
Note that II; and II; are the extremities of complementary series and hence, all
their irreducible subquotients are unitarizable. Furthermore, Il is reducible (by
of Proposition and (3.3)). Hence, II; is reducible.

Using (2.16)) and the first part we get

(43) I, = w3 + ™.
Applying the DL involution, we get
(4.4) ; =7l + .

Hence, 74 and 7} are unitarizable.
We easily see that each of m;, i # 2 has at least one factor with positive
exponent. This implies
7Ti = T9o.
We know by Proposition [2.1] that
T4 S Hl.
The above two facts imply
(4.5) I, = mg + 7o
which further implies
71':t3 = T4.
Since IT4 = TI3 we deduce from (4.3)), ([4.5)) and the first part that each of I, IT3
is of length two.

Consider II5. Observe that (4.3)) and (4.5) imply that 71,7, w3, 74 € II5. By
(2.16)) and the multiplicity freeness of Il((_1 o ,a+1) We get

(46) H2 =m7 + 75
This further implies
(4.7) Il = 7 + 6.

Observe that d([a — 1, + 1])' ® 0 < sqr () and recall that sgr(ILa—1,a,a41)) 1S
multiplicity free. On the other hand,

75— [—a— 1] ¥ dsp ([ — 1], [a]; 0)
— H(focfl,ocfl,oz) = H(afl,oc,fafl) = H(ozfl,a,oﬂ»l)'

Therefore, [a—1]®[a]®[a+1]®0c occurs in the Jacquet module of 75, which implies
(by the transitivity of Jacquet modules) that the same is true for §([a—1, a+1])!®0.
Therefore,

g = T5
which further implies

7T§t3 = T7.

This finishes the proof of the proposition. O
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It remains to show the non-unitarizability of 75, 7g, 77, 7s.

4.5.1. Non-unitarizability of 75 and 7. Let
' =6(a —1,a+1]) x 0.
By [33], Theorem 4.1 (A2)]
Il' = g + m3.
Let 6, = 0([—«, ) and consider
91 x I = 61 x 7 + 81 X 3.
Clearly, it contains
If = L(la—1,a+1];6([~a, a]+; 0))
as subquotients. Moreover, since
S xII' > §([—a,a+1]) x6([a—1,a]) x o
= 6([~,a+ 1)) x L(fe = 1, af;0) + 6([—a, @ +1]) x L([a — 15 6([e; 0)),
01 x I’ will also contain the following irreducible subquotients
I = L(la—1,a];0([—a, a + 1]+ 0)),
Iy = L([—o,a + 1], [ = 1, a5 0),
I'y = L([—o, a+ 1], [a — 1]; 6([a]; 0)).

In fact, Fli, I‘Qi, I'3, Ty are already subquotients of I' := §; X g, since they cannot
be subquotients of

(51 X 3.

More precisely, by property of Langlands quotients, each of I‘ljt7 I's and T'y has a
factor with exponent —a — 1, while §; % w3 does not have. Furthermore, each of
SGL(FQi) admits an irreducible subquotient which has in its support the exponent
—a twice, while d; X 73 can have it at most once (see .

Therefore, the length of ' is at least 6.

On the other hand, we shall show that the multiplicity of

T:=01 ®Tg

in p*(T) is at most 4. By Lemma this will imply that mg and 75 are not
unitarizable.

In fact, we show that the multiplicity of 7 in pu*(dy x II') = M*(61) x M*(6([a—
1,a+1])) x (1®0) is four. By remark [2.16|and the formula for M*(5([a—1, ¢ +1]))
we need to compute the multiplicity of 7 in

(2 3 5([~,0)) ® ([ +1,0]) + 108 )x

a+l o+l -
( 3 Za([—i,—a+1])><5([j+1,a+1})®5([i+1,j])) x1®o.

i=a—2 j=i

Only the terms corresponding to j = a + 1 may contribute 7 as a subquotient.
One possibility to get 7 is to take ¢ = a — 2, for which we must take x = «. This
contributes 2 - §; ® I’ which contains 7 with multiplicity two.
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Suppose now that ¢ > o — 2. Then, the only possible contribution is from i = «
and = a — 2. Again, this contributes multiplicity two of 7 since Il(4_1,q,a+1) 18
multiplicity free.

Our claim follows.

4.5.2. Non-unitarizability of mg and 77. As before, let §; = 6([—«, a]).
LEMMA 4.4. Let R
I' =61 xmyg.
Then, ' contains the following irreducible subquotients
= L(la,a+ 1], [a - 1];6([—a, a]+; 0)),
IF = L([a],[a — 1];6([~a,a + 1]+;0)),
Is:= L([a], [ — 1], [~a,a + 1];0), T4:=L([—a,a+ 1];dsp ([a — 1], [a]; 0)).
In particular, the length off s at least six.
Proor. By Proposition [2.1
rf <T.
We have
[a—1] x §([a, @ + 1]) ¥ 0 =I5 + Iy = 76 + 7g + Iy,
by , which implies
(4.8) d([—a,a+1]) x[a—1]x[a]xo <o x[a—1] x6(Jo,a+1]) x 0 =
T +6; xmg + 07 x Iy
The left-hand side contains, among others, FQi, I's and I'y as subquotients. On the
other hand, by , none of F;, I's and I'4 can be a subquotient of §; x II,. We

claim that none of them can be a subquotient of d; x mg as well.
Observe that

Iy < L([—al,[~a+1)) x6([~a,a+1]1;0) = L([—a], [~a+1]) x§([~a,a+1]) xo
and hence by Frobenius reciprocity

L([—a,[~a+1]) x §([~a,a + 1]) ® 0 < seL(T').
Similarly,

L([—a],[~a+1]) x §([—~a—1,a]) @ 0 < sgL(T3).
and

L(~a—1,a], [a - 1],[a]) ® 0 < saL(Ta).

On the other hand,

sar (61 % 76) g( 3 b(-aa)) x 8(x + 1,04) x
r=—a—1
a+1
( 3 8(—i,—a+ 1) x 8(li + Lo+ 1]) ® 0.
1=a—2
Clearly, no irreducible subquotient of the right-hand side is of the form L([a— 1]+
b) ® o or L([—a] + b) ® o for any multisegment b. Therefore,

F;,I‘;;,D; ﬁ 51 XN Tg.
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By (4.8) we infer that
]-—‘3:7 F37 r, < f

The lemma follows. O

The non-unitarizability of wg and 77 would follow from Lemma [2.12| once we
prove the following lemma.

LEMMA 4.5. The multiplicity of T := 6, @ g in p* (f) is at most 4.

ProOOF. We first show that the multiplicity of 7 in p*(d; x IIg) = M*(d1) x
p*(I3) is six.
By Remak we need to consider the multiplicity of 7 in

(4.9) (2 3 6(iva]) @8(fi + 1a]) + 1@ 51) st (113)

i=—a

By (3.2d) we have
prI3)=1xa-1]+[a—-1@14+[-a+1]®1)

x(l@L([a,a—l—l];U)—l—[—a]®[a+1]>40+[a+ al;0)

+3([—a ==l 0 + [al xfe+11T 0 ),

where we struck down terms which cannot possibly contribute 7 in p*(d; x II3).
By a simple analysis, the only pertinent contribution from p*(Il3) is

1+ [—ao@a—1]x[a+1]xo+[—a] x [—a+1]@[a+1] %o

and for each of these summands, the relevant term in (4.9) is ¢ = o, i = o — 1 and
1 = a — 2 respectively. Thus, we only need to consider the terms

201 @113
+2[_O‘} X 5([—0[ + 1,0(]) Y H(a717a,a+1)
F2[—a] x [—~a+ 1] xd([-a+2,a)@[a+ 1] xé(a—1,a]) x o

and the multiplicity of 7 in each of these summands is two.
On the other hand,

(01 X mg) = M™(01) 0 pu* ()
> 2(5([—a +2,a)) @d(a— 1, a])) . (5([—a, —a+1)®@at1] % o)
>25 @0([a—1,a]) x [a+1] xo>25 @ L([a, e + 1], [ — 1]) X 0 > 27.
Therefore, by (4.7, the multiplicity of 7 in u* (f) = p* (61 @ II3) — pu* (61 x mg) is at
most 4. 0
46. x=(a—1l,a,a) and a > 1

PROPOSITION 4.6. Assume oo > 1. Then,
(1) In the Grothendieck group we have

Mia—1,0,0) = 2m0 + m1 + T2 + 73 + 7y
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where
mo = L([e], [ = 1];6([a]; o))
m = L([a]; bsp. (o = 1], [a]; 0)), w2 = L([e], [« = 1,a];0),
73 = L([a —1,0};6([a]; 0)), 7 = L([a], [« — 1], [a]; 0).
(2) mt =ma, wh = T4, T = mo.
(3) We have
m = [0] X 6sp.([a = 1], [a];0), 72 = [o] ¥ L(la — 1,a];0),
m3 = 6([a —1,a]) x d([a);0), m = L([a —1],]a]) x L([a];0).

(4) None of the representations my,mo, w3, 74 s unitarizable.
(5) (See Appendiz[A]) The representation g is unitarizable.

PRrRoOF. Recall
(4.10)  Jord,(0s.p.([a —1],[a];0)) ={n+1,n+3,...,2a — 5,2 — 1,200 + 1},

and that the partially defined function e attached to the above square-integrable
representation is different on 2o — 1 and 2a + 1. Now

[Oé] A 5S.p.([a - 1]a [O[], U)
is irreducible by @ of Proposition Applying the DL involution we infer that
[a] @ L([a —1,a];0)
is irreducible (since &, ([ — 1], [a];0)" = L(ja — 1,a];0)). This implies (using
Proposition that
m = [a] X sp ([a— 1], [a];0) and m = [a] x L(ja — 1, ;0).
It also implies that 7} = .
Examining sqr(Il(a—1,a,a)), We get that the multiplicity of mo in Il(4—1,q.q) 18
one. Therefore, also its DL dual 71 has multiplicity one in II(4_1,4,q)-
Using ([2.16) and the description of JH(II(q—1,4,q)) We see that J([a — 1,a]) x
0([a]; o) is irreducible. Therefore,
w3 = ([ —1,a]) x d([a]; 0)
and by applying DL involution we get
w4 = L([a = 1], [@]) x L([a]; 0).
This implies that 7§ = 74 and hence, 7§ = .
Since L([a+1]; 6s.p. ([ — 1], [a]; 0)) is not unitarizable (Proposition 4.3, we get
that
m = [a] % dsp. ([a = 1], [a];0)

is not unitarizable by the usual deformation argument.
Note that

L(la+1]; bs.p.([a = 1], [o); 0)) < [a 4+ 1] % 6sp. ([ — 1], [a]; 0)
= ([a+1] x L([a — 1,a];0))".
Applying the DL involution and Proposition we get
Lla—1,a+1];0) <[a+1] x L(la — 1,a];0).



46 4. UNITARIZABILITY IN THE CRITICAL CASE (CORANK 3, a > 1)

By deformation, it follows that o = [a] X L([ae — 1, a]; o) is not unitarizable (since
L(la — 1, + 1]; 0) is not).
The non-unitarizability of
w3 = 0([a— 1,a]) x d([a]; 0)
follows from the fact that for the exponents (v, o, «+1) we do not have unitarizable
irreducible subquotients (Proposition[£.2)) by deforming 6([a—1, a]) to §([cr, a+1]).
Similarly for
w4 = L([a— 1], [a]) x L([a]; 0).
Consider
Ma,a-1,0) = [0] X [0 = 1] x [a] 3 o =1I; + 1T + TI3 + 114
where
II; = L([a], [ — 1]) x L([a]; 0), T = ([ — 1,a]) x L([a]; o),
I3 = L([a], [a = 1]) @ §([a); 0), 14 = ([ — 1, ]) x &([er]; 0).
Looking at sgr,(IT), we get that the multiplicity of the representation g in
H(q,a-1,a) is at most two. Further, 74 has multiplicity one in Il(4_1 q,q) (since
it is the Langlands quotient of IT(41 4 ,a—1)). Therefore, w3 has multiplicity one in

ia-1,0,0)-
All the above discussion implies

(4.11) Ily = w9 4+ mg, 13 = 1 + mg.
This implies , and the proof is now complete. [l

From parts and of the above proposition it directly follows that [a] X
L(Jae—1];6([er]; o)) is reducible. Actually, it is easy to obtain the composition series
of [a] X L([a — 1];8([a]; 0)) as follows.

Observe that

s < [o] x L([a = 1], [o]; 0) = ([a] % L([a — 1];6([e]; 0)))’
Passing to the DL dual, we get
(4.12) 75 < [a] % Ll — 1];8([a; 0)).
From this we conclude
al X L(Ja —1];6([a]; 0)) = 7o + 73,
s )% Lo~ 1) 8(faf: ) = 7o + 7
[a] ¥ L([a — 1], [a]; 0) = 7o + 74

We remark that the representation 7 is isolated in the unitary dual.

4.7. x=(a-1l,a—1,a) and a > 1
4.7.1. Case o > 2. We first consider the case a > 2.

PROPOSITION 4.7. Assume o > 2.
(1) In the Grothendieck group we have
Ma—1,a0-1,0) = 1 + T2 + T3 + 74
where
m = L([a], [ — 1], [ = 1];0), 7 = L([a —1],[a —1,a];0),
m3 = L(la =1}, [a = 1};6([a]; 0)), w4 = Ll = 1]; s p. ([ = 1], [o]; 0).
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(2) We have
m = la—1] x L([a],[a —1];0), 72 =[a—1] % L([a—1,a];0),
m3 = o — 1] x L([a — 1];6([a]; ), 1 = [ — 1] x 65 ([a — 1], [a]; 0).

(3) 7 =my and 7k = m.
(4) None of my,ma, w3, T4 is unitarizable.

ProOOF. We may write
H(afl,afl,a) =1II; + 1l

where

Il = [a—1] x [a—1] x L([a];0), Iy =[a—1] x [a—1] x§([a];0).
Also,

I = [a—1] x L([a], [ — 1];0) + [a — 1] x L([ae — 1, a]; 0),
Iy = [a = 1] % L([a = 1];6([a]; o)) + [ = 1] % bs.p. ([ — 1], []; 0).
Recall that by Proposition [3.7]
ds.p.([a = 1], [a];0)" = L(la = 1,a;0), L([a], o —1];0)" = L([a — 1];8([e]; ),
and
Jord,(6([a];0))) ={n+1,n+3,...,2a0 — 3,200 + 1},
Jord,(0s p. ([ — 1], [a];0))) ={n+1,n+3,...,2a = 5,2a0 — 1,2a + 1},

where in the last case partially defined function € attached to the square-integrable
representation is different on 2a — 1 and 2o + 1.

By () of Propositionand we conclude that [a—1] X%, ([a—1], [a]; o)
is irreducible, and hence equals to m4. (Here we used that o > 2.)

Furthermore, the DL involution implies that [« — 1] x L([a — 1, a]; o) is irre-
ducible, hence equals 7.

Consider [o — 1] x L([ae — 1]; §([a]; 0)). If this were not irreducible, then
would imply that

Ty < [ = 1] % L(la = 1]; 6([a; 0)),
which would imply further that
(la =1 +[-a+1]) x L{la =1}, [d]) ® o <
(le =1+ [a+ 1) x ([—a+1] x [a] + 8(fa - 1,a))) @ 0.

This is impossible (since [« —1] x L([a—1], [a]) ® o does not occur on the right-hand
side).

Therefore, [ — 1] x L([a — 1]; §([a]; o)) is irreducible (hence equals 73), which
implies using the DL involution that [ — 1] x L([a], [ — 1]; o) is irreducible (hence
equals 77).

Recall that each of 71, ms, 3, 74 is of the form [ — 1] x 7, where 7 is an irre-
ducible subquotient of TI(,_1. o). We will deform [ — 1] to [a] and use Proposition
4.0l

The non-unitarizability of m4 and 7o follows from the non-unitarizability of

L([ad; b5 p.([a = 1], [a];0)) = [a] % 0s.p ([ = 1], [e]; 0),

and
L([a],[a = 1,a];0) = [o] % L([e — 1, 0];0)
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respectively. Similarly, for m; we use the fact that L([a], [a — 1], [a];0) is a non-
unitarizable subquotient of [a] x L([a],[a — 1];0) (by Proposition 2.I). For m3
we use that L([o — 1,a];6([a]; o)) is a non-unitarizable irreducible subquotient of
[a] x L([a — 1];6([e]; 0)) ([@.12). This completes the proof of the proposition.  [J

4.7.2. Case o = % ‘We now consider the case o = %

PROPOSITION 4.8. Let ov = 3.

n the Grothendieck group we have
1) In the Grothendieck g h
H(%,%,%) =m + my + 73 + Wy + W5 + W + W7 + 7y,

where

$0([—3s 3l 6((3)0)),
7 = L([_%v %]70—)7 8 = L([%];(S&p.([%L [%]70))

(2) All mq,...,ms are unitarizable. (They are subrepresentations of unitarily
induced representations.)
(8) mt =my, w=my, 7t =me, w=ms.

PrOOF. We directly check that mq,...,nws is the Jordan-Hélder series of the
representation H(%)%)% y- Further, in the Grothendieck group we have

(4.14) 1 15y =11 4TIy + 5 + Iy,

Nl

i

Nl=

where
I = 6([-%,3]) @ 6([3];0), Ha:=06(—3,3]) x L([2];0)
My s= L= 40) = 603k o). 10 = (=113 % L([3lo),

and each of the four summands is unitarizable, which implies that holds.
Frobenius reciprocity implies that each II; is a (multiplicity one) representation
of length at most two. The above equality and the fact that we have 8 irreducible
sub-quotients in the Jordan-Hdélder series imply that each of II; is a length 2 repre-
sentation, and that 1I 113 is a multiplicity one representation of length 8. Thus,
holds.
Further we know from that

’R{ = T9.

Observe that 1T} = 14 and II4 = I13. This implies that no ; is fixed by DL duality.
Obviously
I, = 7y @ 4.

Further, (which we have proved), (4.14) and (2.16) imply that
II3 = 7s @ g,

and further
Iy = 75 & 7.

Therefore,
I, = m & 7s.
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Now 7t = my implies

¢
773 = T4.

Observe that we have [—3] x [-3] ® §([2]; ) in the Jacquet module of 7. A short

discussion implies that we have also [—1] x [-3] X [2] ® o in the Jacquet module

of 7. Therefore, [3] x [5] x [~3] ® o must be in the Jacquet module of 7§. Since
this term is not in the Jacquet module of §([—31,2]) x ¢ and 77 < §([-3,3]) x 0,
we conclude 7§ # m7. This implies

7Té = Ts,
which further implies

7T7 = Tg.
This completes the proof of .

([l
REMARK 4.9. Clearly mg < [4] (5Sp ([3],[2];0). On the other hand, m3 <
[ ] > L([27 2] o). Now duality implies 74 < [%] s p. ([ 1, [%], o). Therefore, [%] X

Js,p_([é] [2]; o) is reducible.

Further, 76 < [3] x L([3];6([3];0)). Since m1 < [3] x L([3],[3].0), we get
mo < [4] x L([3];6([2]; o)), which implies that [1] x L([];6([2];0)) is reducible.

48. x=(a—2,a—1,a) and o > 2

4.8.1. Case a > 2. We first consider the case a > 2.
PROPOSITION 4.10. Assume o > 2.

(1) In the Grothendieck group we have

Ma—2,0-1,0) = T1 + 72 + T3 + 74 + 75 + 76 + 77 + 73,
where
71 = bl = 2, la— 1] [l 0), 72 = Lo — 25 8up. ([0 — 1], [0 0)),
m3 = L([a —1], [a = 2};4([a];0)), 74 = L(la = 2,a —1};4([a]; 0)),
w5 = L([a], [a — 1], [a = 2];0), 76 = L([a], [ — 2,0 — 1]; 0),
mr = L(la — 1,0a],[a — 2];0), s = L([a —2,0a];0).
(2) All the irreducible subquotients of Il(q_2 q—1,) are unitarizable (they are

subquotients of the ends of complementary series).
(8) mt =mg, 7t =my, 7 =me, T =5,
PRrOOF. We get and from It remains to prove .
The fact m < [a—2] x [ — 1] X [a] x o implies m — L([a—2],[a—1],[a]) x o
which further implies
O([~(a=2),~a]) ® 0 < sar(7).
Since §([—(a — 2), —a]) ® 0 < sqL(7g), we get
71{ = T'g.
Further
m = [—(a—=2)]| x[a—1] x[a] xo
implies
ma = [—(a = 2)] x L[ — 1], [ar]) o &
L(la = 1], [o]) x [=(a = 2)] x o = L([a — 1], [a]) x [a = 2] x 0.
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This implies that §([—a, —(a—1)]) ® [~ (o — 2)] ® ¢ is in the Jacquet module of 7§,
which implies

Consider now

This implies that [o] ® L( ]
and therefore [—a] x 6([—(a — 1), —(a — 2)]) x o is in the Jacquet module of 7.
Therefore,

Finally, consider
Ty = 0([=(a=1), (@ =2)]) x [a] x 0 = [a] x§([~(a = 1), ~(« = 2)]) ¥ 0
Yol xd(la—2,a—1])xo

This implies that [—a] ® L([—(a — 1)], [~ (o — 2)]) ® o is in the Jacquet module of
wh. Therefore, 7 embeds into

[—al x [=(a = D] x [-(a =2)]) ¥ 0,

which implies
774 = T5.
([

One directly gets that 6([a—2,a—1]) x§([a]; o) and 6([a—2,a—1]) x L([a]; o)
reduce.

4.8.2. Case o = 2. Now we turn to the case oo = 2.

PROPOSITION 4.11. Assume o = 2.
(1) In the Grothendieck group we have
Io,1,2) = ™1 + T2 + T3 + T4 + 75 + 76 + 77 + 73,

where

mr = L([0,1];0([2}; 0)),  ms = L([2], [1); [0] > o).
(2) All w;’s are unitarizable.

t_ t_ t_ ¢ _
(8) wt =mq, Th =my, 7t =mg, T = Ts.

Proor. We conclude in a standard way that =1, ...,ms is the Jordan-Holder
series of I1(g 1 2). All the irreducible subquotients of the induced representation
Io,1,2) = ([0] x [1]) = ([2] x o).
are unitarizable (since they are subquotients of the ends of complementary series).

Thus, holds.
From our characterisation of 75, one can easily compute:

saL(mz) = 2L([0], [1], [2]) @ o + L([0,1], [2]) © o,
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sar(ma) = L([0, 1], [2]) @ 0
(see also [68], Theorem 1.2, (2), (b)).
Now we shall consider 77 (such representations are called in [33] segment rep-
resentations). From there we know that (the segment representation) w7 has the
following (semi-simplification of) Jacquet module:

(4.15) sar(m7) = 6([0,2]) ® o + [0] x §([1,2]) ® 0 + 6([—1,0]) x [2] ® 0.
This implies that the representation with irreducible generic term in sgr, whose all
exponents are non-negative, is my. Further, one directly sees that mg is a represen-
tation with irreducible cogeneric term in sgy, which has all exponents non-positive.
Now ([2.26|) implies
71'; = T7.

This implies that the multiplicity of 77 in II(g 1 9) is one (since the multiplicity of
7g is one).

In [33] (see[2.10)) is computed

saL(ms) = 6([-2,0]) ® o.

Write
Mo,1,2) = Iy + Tp + I3 + Iy,

where

= [0 % L(L2ko), T = [0] x L([1]:8((2):0)),

I3 == [0] x L([1]}, [2];0), Iy :=[0] x &s.p.([1], [2]; 0).
Then,

Htl =TIy, Htg = II3.

Obviously

Iy = o @ 4.
This implies that Iy is a multiplicity one representation of length two. The fact
that Jordan-Holder series of Il ; ) have 8 representations, implies that also I,
and II3 are reducible.

Now , the above formulas for Jacquet modules of 7o and my, and the
formula for sgr,(L([1];8([2]; 0))) imply that only possible subquotients of Il are s
and 77. This implies

IIs = 75 + 7.
Observe that
m <IIy,
and therefore 7rf < II4. Further we have in the Jacquet module of 7y the term
26([-2,-1]) ® [0] ® o, and therefore 2L([1],[2]) ® [0] ® o is in the Jacquet module
of w¢. Since the minimal non-trivial Jacquet module of w4 is a multiplicity one
representation, we conclude
71{ = T9.
Further implies mg £ II; and 7g £ 1o, which implies
I3 = ms + 76,

and further
H1 =T + 3.
Now we conclude that
Ty = Ti4.
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Observe that g < [—2]x[—1]x[0]x o, which implies mg < L([—2], [-1], [0]) 0.
Therefore, 6([0,2]) ® o is in the Jacquet module of 7§.
The fact that w5 < [—1] x [0] x §([2]; o) implies 75 — L([—1], [0]) x §([2]; o),
which implies
saL(ms) < (L([0], [1]) 4+ [0] x [=1] + L([-1], [0]) x 2] ® 0.

We obviously do not have §([0, 2]) ® o on the right-hand side of the above inequality.
This implies 7§ # 75. Therefore,

Té =T,
which implies
7Té = T5.
The proof of and is now complete. O

Obviously, 77 < 6([0,1]) x 6([2];0). Using (4.15)), one directly gets that 77 <
0([0,1]) x 8([2]; o). Therefore, §([0,1]) x 6([2]; o) is reducible.



CHAPTER 5

Remaining Cases for a =1 and a =1

2
5.1. x=(0,1,2) and a =1

PROPOSITION 5.1. Assume o = 1. Then,
(1) In the Grothendieck group we have

IMo,1,2) = ™1 + 72 + 73 + 74 + 75 + 76 + 77 + 7

where
m = L([2],[1];[0] @ o), w2 = 7([0]+;6([1, 2]; 0)),
m3 = L([2], [0, 1];0)7 = 7([0]-;6([1,2]; 0)),
ms = L([0,2];0), m = ([2]77([ |-;0([1];9))),
w7 = L([1,2]; [0] % 0) = L([2]; ([0]+; 0([1]; 0)))-

t_ t_ t_ _
(2) mt =ma, 7k =74, 7k = mg, 7L =Ts.
(8) m1,ma, w3, w4 are unitarizable.

(4) ms, e, w7, T8 are not unitarizable.

PrROOF. Write
Mg,1,0) = Ty + Tl + T3 + 1y
where
I = [0] % 6([1,2];0), Iy =[0] x L([2], [1];0)
I3 = [0] x L([1,2];0), ILs = [0] % L([2];6([1]; 0)).
Note that II; and IIs are unitarizable (and II; is tempered). We have
(5.1) Hl :7'('2@71'4

and hence 73 and 74 are unitarizable. Moreover, [T = IT{ is a sum of two irreducible
unitarizable representations, and one of them is 7.
Consider the diagram

00— [2] X L([O], [1]) Xo—> H(2,O,1) = H(0,2,1) — [2] X (5([0, 1]) xo—0
II; 7Tl3
We show that
Iy £ [2] x L([0], [1]) x o
Otherwise, taking sgr, on both side, we would get
200] x L([—2], [-1)) < (J2f + [=2]) x (LUOKHIT + [0] x [~1] + (o], [-1))).

53
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Crossing out redundant terms on the right-hand side we get

2[0] x L([=2], [-1]) < [=2] x [0] x [=1] + [=2] x L([0], [-1]).
However, the multiplicity of L([—2],[—1,0]) in the left-hand side is two, while on
the right-hand side it is one (since L([—2],[—1,0]) is not a subquotient of
-

[=2] > L([0, [-1]) = L([=2], [0], [=1]) + L([0], [-2, =1]),

and [—2] x [0] x [—1] is multiplicity free).
By Lemma [2.15| we infer that w3 < Ils.
We conclude that

(5.2) Iy, = m & 73.

In particular, m; and 73 are unitarizable.

From ([2.26) we get
t_
7T2 — 71-1

which further implies (using (5.1)) and .
71—4 = T3.

Consider now II3 and IIy. We know that these two induced representations
must contain between themselves 75, 7g, 77, 75 as subquotients (and possibly others
a priori). Moreover, Il is reducible by Proposition and IT§ = I1, by Proposition
Therefore, I3 is also reducible.

We know that 77 occurs in II3 with multiplicity one. Observe that by
we get that

seL(l3) =2-[0] x §([-2,-1)) ® o +2-[0] x [-1] x 2] ® o
=2-0([-2,0)) @ +2- L([0],[-2,-1]) ® ¢
+2-L([0],[-1]) x 2] ® 0 + 2 - 6([-1,0]) x [2] ® 0.
From this it easily follows that II3 has no tempered subquotients. It follows from

(2.16) that every subquotient of II3 other than 77 is isomorphic to m5. In partic-
ular, JH(II3) has two elements, and therefore the same is true for JH(II4). Now

Proposition [2.1] implies

(53) H4 = 7] + Tg.
Therefore,
(54) 13 = 77 + 75.

From this we see that Il ; o) is a multiplicity free representation of length 8.
Since L([—2,-1],[0]) ® ¢ < sgL(m7), we have L([0,1],[2]) ® 0 < sgL(mt).

Suppose on the contrary that m% = 7g. Then, we would have by (3.7d)
L([0,1], 2@ < (([2]+[-2)@1) " (r([0]-; 6([1]; o)) = ([2]+][-2]) x L([0], [1]) ®0,
which is impossible. Therefore,

7T$ = Tg,
which further implies

Wé = Tg.

In the rest of the section we deal with the non-unitarizability of w5, g, w7, mg. O
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5.1.1. Non-unitarizability of 75 and wg. By [33] Theorem 4.1 (A1)] we
have

II' := §([0,2]) ¥ 0 = 75 + ma.
Write §; = 6([—1,1]) and T' = ¢; x 75. Consider
61 x I = 61 % (75 + m2).
Clearly, L([0,2]; 7([-1,1]x;0)) < §; x IT". Since d; and 7o are tempered and
5([-1,2]) x 6([0,1]) x o < & x I
we get from that the following six non-tempered irreducible representations
L0, 2 7([~1, s 0)),  L(I=1, 2} 7([0)+: 3([1]; 0)):
L(]0,1];0([-1,2]+;0)), L([0,1],]-1,2];0)

are subquotients of I'.
If 75 or mg were unitarizable, then by Lemma the multiplicity of 7 := §; @5
in p*(T') would be at least six, in contradiction to the following lemma.

LEMMA 5.2. The multiplicity of 7 in pu*(T') is 4.

PROOF. By remark [2.16] we need to consider the multiplicity of 7 in

(2- @60, 1) +2-6(0, 1) @ 1] +2- 5 0 1+105 )

We underline the terms which can actually contribute to the multiplicity of 7.
Obviously, (61 ® 1) ¥ (1 ® w5) = 7. Moreover, the multiplicity of 7 in

(1] x 6([—1,0]) ®6([0,1]) x [2] x &

is one since the multiplicity of d; in [1] x 6([—1,0]) is one, and the multiplicity of
75 in 6([0, 1]) x [2] x o is one since 5 < §([0,2]) x o < §([0,1]) x [2] x o and TL(g 1 2)
is multiplicity free.

All in all, the multiplicity of 7 in p*(T') is four. O

5.1.2. Non-unitarizability of 7; and 7g.
LEMMA 5.3. Let 01 = 6([—1,1]) as before. Then, the representation
[= 01 X 7
admits (at least) the following irreducible subquotients
v = L1, 250 % 6(1=1, i), 73 = L([LJ: 0] % 3([~1,2)50)),
s = L([1], [=1,2; [0] @ 0).
Hence, the length off is at least 5.

We remark that by [39, Proposition 2.1], Jord,(6([—1,2]+;0)) = {1,3,5} and
therefore [0] x 6([—1,2]+;0) is irreducible.
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PRrROOF. By Proposition T admits yli as irreducible subquotients.
Recall that in the Grothendieck group we have
I3 = 77 + 75.
Since
[0] x 6([1,2]) x o =I5 4TIy,
and II; is tempered, it follows that any non-tempered irreducible subquotient of
8 % [0] x 8([1,2]) x o is necessarily a subquotient of T' or of 6; % m5. On the other
hand,
5([-1,2]) x [0] x [1] x o < 81 x [0] x §([1,2]) x o

and the left-hand side admits 7§E and -3 as (non-tempered) irreducible subquotients.

Hence, it is enough to show that none of 'ygi and 73 is a subquotient of d; X 75.
By Frobenius reciprocity,

L([-1],[0]) x 8([~1,2)) @ 0 < sar(v3) and L([=1],[0]) x 6([-2,1]) @ 0 < scr.(73)-
On the other hand, it is easy to see that
L([-1]+b) @0 £ M*(d1) x M*(6(]0,2])) ¥ (1 ® o)
for any multisegment b. Therefore, 'y2i773 £ 81 X 75 as required. O
REMARK 5.4. In fact, one can show that T also contains the irreducible sub-

quotient L([—1,2];7([0]—;([1];0))). (We will not need to use this fact.) Indeed,
as in the proof above, it suffices to show that

L([=1,2]; 7([0]-; 6([1]; 0))) £ 61 % 5.
Suppose on the contrary that this is not the case. Then, we would have
6([=2,1) @ 7([0]-; 6([1]; 0)) < p* (81 » 75) = M™ (1) % p* (5).

However, from the formulas for M*(4;) and p*(ws), the only possibility to get
0([-2,1])) @ 7([0]=; 6([1];0)) in p*(d1 x 75) would be from the term §([—2,0]) ® o
of p*(ms) (in order to obtain exponent —2) and one of the terms [1] ® §([0,1])
or [1] ® §([-1,0]) from M*(41). However, by 5([0,1]) x o (and hence also
0([-1,0]) x o) does not admit 7([0]; §([1]; o)) as a subquotient.

In order to deduce the non-unitarizability of 77 and mg from Lemma it
remains to prove the following.

LEMMA 5.5. The multiplicity of T := d, @ w7 in p* (f) is < 4.

PrOOF. We will show that in fact the multiplicity of 7 in p*(6; x I3) =
M*(61) x p*(II3) is 4. By remark we need to consider the multiplicity of
7 in

(2@ 6(0,1) +2-6(0, 1) @ [1] +2- 61 @ 1+ 1@ 8,) (1) =

(2- @0, +2- 8501 @ (1] +2 s @l+1@6) x (10[0)+2- 0@ 1)x

o~~~ -—==

(1o L(1L20) + C 8P x o

+ 2@ L(l1lio) +0(1-2, 1) @ o + [-1] x 2] @ o).
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We highlighted the terms which may contribute to the multiplicity of 7. The solid
underlined terms give 2-§; ® II3 which contains 7 with multiplicity two. The wavy
underlined terms give

6([0,1]) x [=1] @ T(o,1,2)
which again contains 7 with multiplicity two. The overlined terms give
2-[1] x [0] x [-1]®d([0,1]) x [2] x &
which does not contain 7. Indeed, m7 does not occur in 6([0,1]) x [2] % ¢ since
77 < L([1,2],[0]) x o < L([1),[0]) x [2] @ 0
and (g1 2) is multiplicity free.

Our claim follows. O

This concludes the proof of Proposition [5.1

5.2. x=(0,1,1) and o =1
PROPOSITION 5.6. Assume oo = 1. Then,
(1) In the Grothendieck group we have
IMo,1,1) = 271 + 72 + 273 + QWI +m, + 7T;r + Ty
where
m = L([0,1],[1];0), m = L([1],[1];[0] x o), w3 = L([0,1]; 6([1]; 0)),
wE = L1 (0] 0(1):0)), 7E = 6(=1, 1300,
(2) We have 7t = 3, wb =7, (my )t =75, (n])t = n].
(3) All irreducible subquotients of Il (g 1,1y are unitarizable.

PRrROOF. We have

11 =
5([_1’ 1]) X o+ L([l], [OL [_1]) X o+ L([Ov 1]7 [_1]) XNo+ L([_LO]? [1]) o
= 6([_17 1]) Xo+ L([l]a [0}7 [_1]) X o+ 2L<[07 1]7 [_1]) X ao.

Now,

S(-L1))xo=nd +my
We show that

(5.5) L([-1],][0],[1]) X 0 = g + 7, .
Clearly L([—1],[0],[1]) % o contains 7o with multiplicity one.
Consider

0 — L([1}, [0]) > L([1]; o) — L([1], [0]) x [=1] x o — L([1], [0]) > 6([1]; o) — 0O

We see easily that

L([1], 0], [=1]) > o £ L([1], [0]) > L([1]; 0)
since sqrL(L([1],[0],[—1]) x o) contains L([1],[0],[—1]) ® o with multiplicity two
while sqr(L([1], [0 1];0)) contains L([1], [0], [-1]) ® o with multiplicity one.

==
X
~
—~
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Note that the cosocle of L([1],[0]) x 6([1]; o) is a a quotient of the cosocle of [1] x

[0] % 8([1: o) = [1] x 7([0]:0([1]s 5)) & [1] x 7([0]—; 6([1]; 5) which is 7] & 7, By
Lemma at least one of 7 occurs in L([1], 0], [~1]) % o.
Suppose on the contrary that

< L([1], [0], [-1]) > o

< )
Clearly, s (7)) contains [—1] ® 7([0]4;6([1];0)). This and (3.7d) imply that the
Jacquet module 7} contains 2 - [~1] ® 6([0, 1]) ® o, and therefore also

2 1@ el

+
Ty

On the other hand
sarL(L([1], [0], [-1]) x o) = 2(L([-1], [0], [1]) ® o 4+ 2L([-1], [0]) x [-1]) ® 0.

Obviously, we cannot have [—1] ® [1] ® [0] ® ¢ in the Jacquet module of the above
representation, and therefore we get a contradiction.
We conclude that
rr < L([L), [0, [-1) @ o
which further implies (5.5]).
Since 7t = 9 by (2.26)) it follows that (75 )" =7, .
We also conclude that

L([0,1],[-1]) x 0 > m + 73 + 7]

Therefore, each of 7, w3 and 7T2_ occurs with multiplicity bigger than one (and
even) in IT(g 1 1).
In the Grothendieck group we have

M,1,1) = Iy + T 4+ 10% + 112
where
e = [1] % 7([0]+;0([1);0)), Iy = [1] % L([1);[0] @ o), TIZ =[1] x L([0,1]; o).

We claim that
- =ny +ms.

Clearly m; occurs in II_ with multiplicity one. By , the only other possi-
ble non-tempered irreducible subquotient of II_ is 3. On the other hand, since
saL(T([0]=;0([1];0)) = L([1], [0]) ® o, we have L([—1,1])®0 £ sgL(II_). Therefore,
7r§[ £ II_. So the only other possible irreducible subquotient of II_ other than 7,
is 3. On the other hand, clearly m; occurs with multiplicity one in II* and we
have 7! # 7, . It necessarily follows that 7§ = 73 and II_ = 7, + 3.

It follows that (7 )! = 7] .

We show that

I, =nf +713+7T;'.

Clearly II; contains 7] with multiplicity one. As before, the only other possible
non-tempered irreducible subquotient of I1; is w3. The representation w;r occurs in
I since sqrL(I1}) > 6([0,1]) x [1] ® o and occurs with multiplicity one in Tl 1 1)
(see §2.14)).

We know that 3 occurs with multiplicity at least two in I1(g 1,1). On the other
hand, 73 occurs with multiplicity one in II_ and it does not occur in IT% since
m = 75 does not occur in IT;. Therefore, w3 must occur in IT;.
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It remains to show that II, contains w3 with multiplicity one and does not
contain 75 .
We have sqr(Il}) =

(1 + [=11) x (20(0, 1) + L([0], [11))) @ & = (2(1] x 8((0, 1]) + [1] x L([0], 1))
+20([—1,1])) + 2L([-1],[0,1]) + L([-1, 0], [1]) + L([-1], [0], [1])) ® o.

In particular, §([—1, 1]) ® o occurs with multiplicity two and L([—1,0],[1]) occurs
with multiplicity one. We claim that s (7)) contains 6([—1,1]) ® o. Indeed,
since w7 < [~1] x 7([0]+;8([1];0)), we have p*(7]) > [-1] @ 7([0]+;d([1];0))
and therefore the Jacquet module of 7} contains [~1] ® [0] ® [1] ® ¢. It follows
that sqr(mf) > L([-1],]0],[1]) ® 0. Since (7])* = 74 we infer that sqr (7)) >
d([-1,1]) ® o as claimed.

Since IT contains 73 and both sgr,(75) contains §([—1,1]) ® o, it follows now
that 75 cannot occur in II .

p*(ms) > 8([—1,0]) ® §([1]; o) and therefore the Jacquet module of 75 contains
[O)@[—1]®[1]®0c. It follows that sgr,(73) > L([—1, 0], [1])®0c. Since L([—1, 0], [1])®0c
occurs with multiplicity one in sgp,(II1) we infer that w3 cannot occur in I, with
multiplicity bigger than one. ([l

REMARK 5.7. The fact that 7 < 6([0,1]) x §([1]; o) implies that 6([0,1]) x
(

0([1]; o) is reducible (since also w3 < §([0,1]) x 6([1];0)).
Furthermore, 7 < L([0], [1]) % §([1]; o), which implies that L([0], [1]) % 6([1]; o)
is reducible, as well as 6([0,1]) x L([1]; o).

5.3. x=(0,0,1) and o =1
PROPOSITION 5.8. (1) In the Grothendieck group we have
I0,0,1) = [0] > L([0,1]; o) + [0] > L([1]; [0] o)
+ [0 % 7([0]5 6([1]; @) + [0] > 7([0] s 6([1]; 9)),

where the representations above are irreducible.
(2) We have

([0] % 7([0]4; 6([1]; 0)))" = [0] > L([1]; [0] » o),
([0] % L([0, 1];0))" = [0] ¢ 7([0]—; 6([1]; ).
(3) All irreducible subquotients of Il 0,1y are unitarizable.

PROOF. Indeed,

M0 = 0] % (10] % L([1];0) + [0] x 6([1]; 7))
= [0] > L([0, 1] 0) + [0] > L([1]; [0] >t o)+
[0] > 7([0]45 6([1]; @) + [0] > 7([0] s 6([1]; 0)).
The representations [0] x 7([0]x; 6([1]; o)) are irreducible by the theory of R-groups.

The representations [0] x L([0,1];0) and [0] x L([1];[0] x o) are irreducible by
duality. (I
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54. x= (3,2, 3)and a =3
1

PROPOSITION 5.9. Assume o = 5.
(1) In the Grothendieck group we have

(5.6) (1 13y =1+ 7o+ 2m3 + 2m4 + 75 + W6 + 77 + 75 + T + 10

where
m = L[5}, [5]. [5]0), m=d(~3,3]+10),
w3y = L([~3,3];0), ma=L([3,3];6([3];0)),
= L([3], [5):6([5):0)), 76 = 8([~3,3]-:0),
(%MW%%JM ms = L([5]:6([~3, 3]-50)),
mo = L([5, 3], [3];0), mo = L([3];0([-3, 5]+;0))
(2) mt =mo, wh =7y, Wk = m, 7 = 7g, W = W10-
(8) The representations 71, ...,7s are unitarizable.
(4) The representations mg, m1o are not unitarizable.
REMARK 5.10. In fact, each of 7y, ..., s is a subquotient of a representation at

the end of a complementary series. (In addition, w9 and mg are square-integrable.)
We proceed in several steps.

5.4.1. First observe that the representations w9 and g are unitarizable, since
they are square-integrable. Furthermore 73 and m; are unitarizable, since they
are at the ends of the complementary series (starting with §([—1,1]) X o and
L([-1],1]0], [1]) % o respectively). Analogously, 74 (and also 1) is unitarizable since

it is at the ends of the complementary series starting with 6([—3, 3]) % 6([3];0)
(and with L([1], [-2]) x L([%];0)). Furthermore 77 is unitarizable (since it is at

the end of the complementary series which start with [0] x §([3, 2];0)).

5.4.2. Observe that (2.26) implies
7T§ = T1.
We know that 7 has multiplicity one in IL(1 1 s). By (2.16]) we get that
[])4(5([2,2] )_7T7+7T2

Indeed, m cannot occurs on the left-hand side because §([—3, 2]) ® o occurs with

multiplicity one in sqr([3] % §([3, 2];0)), scL(m2) and s (7).

This implies
5] % L([5], 3] 0) = 77 + m1.

]«
5.4.3. We show that 7t = 7g.
Consider

0— 31 L3 [31i ) — (31 x [ 3] % L(3Js ) —> [3] % 6([= 5, §)-9) — 0

We show that
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Otherwise, by passing to sgr, we would get

(5] + [=3D) x L=z, [=3]) < (5] + [=3]) x (L(=3] [5D) + [=3] x [-3D)-

Considering the part supported on [—2], [-1],

which is impossible since L([—2],[—1, 3]) occurs in the left-hand side but not in
the right-hand side.
By Lemma [2.15| we infer that
(5.7) ms < [=3] % L([5]. [5]; 0)).
This implies that 7g is unitarizable. Moreover, we get
[3] % L([3], [3];0) = 75 + m1.

and

71"t7 = T'g.

5.4.4. We show that
(5.8) ms < L([3),[3],[—3)) x o
and hence that 75 is unitarizable, since it a subquotient at the end of a comple-

mentary series.
Consider

0— L([3], [3]) x L([3); o) = L([5], [3]) x [=3] % o = L([3], [3]) % 8([5];0) — 0

We have
L([3], [3). [=3]) @ o £ L([3]. [3]) = L([3]; 0),
otherwise, taking sgy, we would get
2 L((-3) 4L 3D @ < (03 D) + (=30 % [+ L=, [-3) x (3 @ o

which is impossible.

We deduce (5.8) from Lemma

To conclude, 71, ..., g are unitarizable.

5.4.5. We show that 7t = 7.
Let
' = 6([3, 3]) @ L([3]; 0)-
Recall
§([-3,3]) @ 0 =3 + 76 + m3.
From this and the fact that ¢ = w5 it follows that
it € {m3; 7}
Observe that 75 is a quotient of L([2], [2]) x§([4]; o). Therefore, m} is a subquotient
of IT". Note that
scL(Il) 2 6([-5.3)) ® 0
but
saL(ms) = 6([—

[SJ[SY

) @o



62 5. REMAINING CASES FOR a = % AND a=1

Therefore, necessarily 7t = g as required.
5.4.6. Consider
8([5.3]) x [3] @ o =1+ 4([3, 3]) » &([3];0)-
Observe that the left-hand side contains 7wy and mg as subquotients. Furthermore,

since w2 < 6([3, 5]) @ 6([3]; o) and the multiplicity of 6([—3, 3]]) ® o in the Jacquet
module of §([3, 2]) x §([3]; o) is one, we get

e < IT'.
5.4.6.1. We show that
(5.9) ' = g + 7o
and compute p*(mg).
Write

+[-31®d(5,5) @0

+(8(0-4, 3D + -3 % =3 x B+ (-3 5, 3 +[- 31 < 8-, - 1)) ) @ o

We consider in II’ the irreducible subquotient 7 such that sgr,(7) > w; ® 0. Using
the transitivity of Jacquet modules one gets that p*(m) > we + wh + wfy. Moreover,
p*(m) > wy implies that p*(7w) > ws and p*(7) > wh implies p* (1) > wh ® 0. Now
considering sqr,(II') we infer that IT’ is a multiplicity one representation of length
two. Therefore,

(5.10) ' = w9 + 7.
Furthermore, a simple analysis using the transitivity of Jacquet modulesﬂ gives
p*(m) = 1 ® o+

+H=zl® 3] % L[5l 0) + 5] @ L((5]. [5ho) + [-3] ® d([3.3]) @ @
(5.11) +=3] x [51® L((5;0) + 6([-3, —3]) ® L([5}; 0)
=3l x [=3]®@ 3] %o+ [—3] x [§] ® L[5} 0) + [-3] x [§] ® 8([5]; 0)
X

IRecall that we know also p* (7).
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5.4.7. It follows from the formula for p*(m9) that m§ is not tempered (look
at the term [—1] x [~1] x [2] ® o which gives in the Jacquet module of the dual
representation [1] x [1] x [-3] ® o). Once again, from the formula for p*(7g), we

get that the Langlands parameter of 7§ must come from a Jacquet module of
[=31® L([5]. [51:0)" = [-3]® 8([- 3, 5]43 0).

Since §([—3, 3]+;0) is tempered, this implies

7T5 = T10-
Now observe that
Ty 7# T3
Namely, in the Jacquet module of 7% is & ([f%, %]) ® 0. One directly sees that this
term is not in the Jacquet module of §([—%, 2]) x o. This and the formulas for the
remaining involutions imply
7T§ = T4.

We show that in the Grothendieck group we have
O = L(i%ia i_%a %i) X o =mg+ T + 3.

By Proposition mg and mwig occur with multiplicity one in ©. By (2.16)
M1, Ty, T5,Tg £ © and also ms,m5 £ O = L([-32],[%,2]) x o so that 76,77 £ O.
We have

[%XMF&%DNU:@+MPégbxa

Therefore. 7, £ © since o occurs in §([—1 % 31) x o and it has multiplicity one in

II;1 1 3y. It remains to show that w3 occurs in © with multiplicity one. The repre-
(3,3:3)°

sentation w := §([—3, 1])®o occurs with multiplicity two in sqr([3]x0([—3, 3])x0)
and with multiplicity one in sqr(5([—3, 2]) x o). Therefore, w occurs with multi-

plicity one in sgr,(©). We show that w does not occur in sGL (7r8) and sGL(mO) In
fact, w does not occur in the Jacquet modules of [1] x L([1], [2]; 0) and L([ ], [3]) %
5([3);0) (which contain ms and 7o respectively as subquotients by (5.7) and the
dual of the relation (5.9)). We conclude that 73 must occur in © with muitiplicity
one.

Passing to the dual we get

0! =7y + 77 + 7.

Since in the Grothendieck group we have

M9 =gy,

Nl=

and
§([-3,3]) @0 =7 + 76 + 3,

we conclude (5.6).

5.4.8. Observe that m» < §([3, 3]) x 6([4];0). This implies that §([3, 3]) x

5([3]; o) is reducible (we shall use this later). Actually, we directly get that this is

a length three representation.



64 5. REMAINING CASES FOR a = % AND a=1

5.4.9. Non-unitarizability of 79 and m9. To finish the proof of Proposition
it remains to prove the non-unitarizability of w9 and myg.
Let 51 = 5([—%, %D

LEMMA 5.11. Let a = % The length of the representation

I'= 61 AN Tg.
is at least 6.
PROOF. First, using Proposition 2.I] " contains
L([3, 3] [5}:6([= 3, 3]+0))
as irreducible subquotients. Recall
I = 6([3, 31) » L([3]: 0)-
Using ([5.10) we get
o0 NH/=F+61 X TTg.

Recall that 74 is square-integrable. Therefore, any non-tempered irreducible sub-
quotient of d; x I’ must be a subquotient of I'. Observe that

0([=3.3D) x [3] ¥ L([5ls0) < 0y x T

202
and the left-hand side admits the following non-tempered irreducible subquotients:
L([_%v %]a [%]a [%]7 0)7 L([_%7 %]7 6([_%7 %]*; U))

Therefore, the length of I" is at least four.
Consider now

(5.12) 01 % 8([5,3]) x [3] ¥ o =61 x I + 81 % 8([3, 5]) % (5] 0).
We have
S([—4,2]) x [3] x [A] x 0 < 01 x 6([5,3]) x [3] @ 0.

The left-hand side contains
L([3), [3):6([ 5. 3]430))
as irreducible subquotients. We show that these two representations are subquo-

tients of §; x II’, and therefore of T
Suppose on the contrary that

(5.13) L([3): [5):0([=3, 3]+50)) < 61 % 8([3, 3]) % (5] 9)-
Observe that
L([3), [3):0([=3, 3]430)) = [=5] x [=3] % 8([= 5, 5]x; 0).

Therefore, we have [—3] x [—1] ® — for a subquotient of the Jacquet module of the
left-hand side of (5.13)). However, one easily sees that there is no term of the form
[—3] X [-4] ® — in the Jacquet module of the right-hand side of (5.13).

We conclude that the length of T" is at least 6, as required. O

LEMMA 5.12. The multiplicity of 7 := 61 ® mg in p*(T) is 6.
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ProoOF. Using Remark and the formula (5.11)) for p*(mg), we need to find
the multiplicity of 7 in

2:6,@mg+2-[3] x [-3]®[F] x 3] % L([3];0) + 2 [3] x [-3] @ [5] x 6([3,3]) x 0.

Since g occurs with multiplicity one in the standard module [£] x §([3, 2]) x o, in
order to show multiplicity 6, it is enough to prove that

mo % L([5], [3]) » L([3]; 0)-
In turn, by passing to sgr, this follows from the fact that
(=3~ % (4] £ (DU 3D + 131 % (=31 + (=), (= 3D) x [=3),
which is easy to verify. |

5.4.10. Finally, we prove that the representations mg and 1o are not unita-
rizable.

Suppose on the contrary that mg or 71¢ is unitarizable. Then, by Lemmas
and the Jacquet module of I' admits a direct summand isomorphic to
6 - 7. This would imply that for any subquotient A of J(T'), the multiplicity of
in A is equal to dim Hom(A, 7). On the other hand, we claim that there exists a
subquotient A of J(I') of the form [3] x [-1] ® 79 (which clearly admits 7 as a
subrepresentation, but not as a quotient).

Indeed, it follows from the geometric lemma and the fact that the Jacquet
module of 47 is [3] ® [—3], that for any irreducible subquotient 6, ® 72 of J(my), the

representation

[%] X 03 ® [—%] X Ty
is a subquotient of J(I'). In particular we can take d; = [—1] and 72 = 6([3,
to infer that J(I') admits

Bl x =3l @3] x 8(([5,3) x o

as a subquotient, and hence also

Mxo

[3] x [=3] ® 7
since 79 is a subquotient of ds X To.
This completes the proof of Proposition [5.9

5.5. x=(3,%,3) and o =

PROPOSITION 5.13. For o = % we have

(1) In the Grothendieck group we have
y =M + T + T3 + Ty + 275

where

are irreducible.
(2) 1, 7o, w3, T4, W5 are unitarizable.
t_ t_ t_
(8) ¢ =my, wh=ms, wE=ms.
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PROOF. First note that exactly as in the case of §4.7.2] all the irreducible
subquotients of II 1,11y are unitarizable. Also note that 7 is irreducible since

2 € Jord,(6([3];0)). Therefore, the same is true for 74 = mf. Moreover, by the
usual analysis,
JH(IL y 3)) = {ma, D368, 31s0)), LS. (8 (12 ) s
In the Grothendieck group we have
i1 =51 %0([=5, 5l+50) + [5] % 6([= 5, 3]-;0)
1

11
21272

+5] % L[z} 6([5):0)) + [3] = L([5], [5]; 0)-
By Proposition [21]

(5.14)

3([=5: 3] x L([3); 0)
is reducible. Therefore, the same is true for its dual.
Furthermore 7 £ [4] x 6([—3, 1]_;0) since

5] % [5] x [5] ® 0 < sqr(m)

but
(3] % 3] x [l @0 £ sar((3] % (-3, 5]-50))-
Therefore, ([2.16)) implies that 75 is irreducible. By Proposition 73 = w5 and
hence, w3 is also irreducible. It follows that
7Té = T5.

Let II' = [3] % 6([—3, 3]4;0). We claim that
(5.15) Il' = 75 + 7.
Indeed, [3] x [3] % [3]®0 < sqr(IT') and this implies that m; occurs in II', necessarily
with multiplicity one, since it is the only irreducible subquotient 7’ of H( 11 such
that [2] x [3] x [] ® 0 < squ(n’) and [1] x [3] x [3] ® 0 occurs in SGL(H(§7§7§ )
with multiplicity one. Also, 75 is a the Langlands quotient of IT’, and hence occurs

with multiplicity one. We conclude ([5.15)) by (2.16]).
Therefore, by Proposition [3.9] and duality we get

5] % L([3], [3]:0) = ma + 75.
The proof of the proposition is finished by (b.14). O
The above proposition directly implies that §([—1, 3]) % L([3]; o) is reducible.



CHAPTER 6

The Case a« =0

6.1. x=(0,1,2) and =0

ProOPOSITION 6.1. Assume o = 0. Then,

(1) We have in the Grothendieck group

(6.1) M2 =7 +7; +73 +75 +75 +75 +7f +7, + 275 + 276
where
T = 0([0,21e50), w3 = L([2], [1];0([0] 43 )
7E = L(2:6(00,112;0)), 7F = L([1,2};6(0)x:0)),
ms = L([2],[0,1};0), 76 = L([0,2];0).
(2) (x5) =nF, (n5)" = nf , 7k = 7.

(8) The representations wf,wjﬁ are unitarizable.
(4) The representations 77%,77;:(,71'5, me are not unitarizable.

We shall prove the above proposition in several steps.

6.1.1. Using Proposition |3.10, we write II(o 1 9) (in the Grothendieck group)
as
(6.2)
2] (L1 8((0)+3 0))+L([1]; 8(10] 5 0)+2L ([0, s 0) +8([0, 1]+ 0)+0([0, 1] 3 ) ).
By of Proposition and of Proposition the representations [2]
0([0,1]4; 0) are reducible. The same is true for [2] x L([1];6([0]+; o)) by duality.
Note that the Jacquet module of II (g ; o) contains each of [2] ® [1] ® 0([0]+;0)
with multiplicity one. It follows that
7r1jE is the unique irreducible subquotient of Il (g ; o) whose Jacquet module
(6.3) contains [2] ® [1] ® §([0]+;0) as a subquotient,
and 7r1i occurs with multiplicity one in I ; ).
Dually, the Jacquet module of (7] )" contains [—2]®[—1]®4([0]+; o) as a subquotient
and this property characterizes it uniquely. Since [-2] ® [—1] ® §([0]5;0) it also a
subquotient of the Jacquet module of 73, we get
() =73
Note that 7T1i are square-integrable, while 7T§E are unitarizable by [18]E|
L This reference does not cover the case of unitary groups. These groups are covered by results

of C. Meeglin (see [70} §13] for more details). She has shown that DL dual of a general irreducible
square-integrable representation of a classical group over field of characteristic zero is unitarizable.

67
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6.1.2. We will use the following special case of (2.21))

d
(6.4) p(8([0,d]450)) = D 6([j + L.d)) ® ([0, ]+3 0),

j=—1

where by convention §(01;0) = o.

We have an epimorphism [2] % §([0,1]+;0) — 7+. On the other hand by (6.4)
and (6.3) 7 occurs with multiplicity one in [2] x §(]0,1]+;0). In fact,

T < [2] % 6([0, 1] 13 0).

(This follows from (6.4) and Frobenius reciprocity.)

By the description of JH(IT( 1,2)), (2.16) and the above discussion we infer that
(6.5) 2] % 6([0,1];0) = 75 + i

(We cannot have 7, since it has multiplicity one in II(g 1 9) and it occurs in [2] x
0([0,1]5;0).)

Applying duality we get
(6.6) 2] @ L([1];6([0] 53 0)) = (73)" + 73 -

Consider

0—0([1,2]) x 6([0]+;0) — [2] x [1] % 6([0]+;0) — L([1],[2]) x 6([0]+;0) — O

i |

Ly [2] > L([1};6([0] +; 0))
We have
[2] » L([1]; 6([0]+; 0)) £ L([1], [2]) % 6([0]+; 0)
since otherwise, passing to sqr,, we would obtain
([2] + [=2]) x L([=1], [0]) ® o < (L([1], [2]) + [1] x [-2] + L([=2], [-1])) x [0] @ o

However [2] x L([—1],[0]) ® o does not occur on the right-hand side.
By Lemma we infer that 75 is a subquotient of [2] x L([1]; 6([0]+; 0)).
It follows from that
(my)" =]

We infer that {n, 7wt} = {m5,m}. Observe that §([—2,0]) ® 0 < sqr(m6) but
5([0,2]))! @0 £ sgL(me) (and in fact §([0,2])! @0 £ sqL(6([0,2]) x 0)). This implies
that 7§ # mg and hence,

7Tg = Tg.

It remains to show the non-unitarizability of 773i, 7r4i, s, T6-
6.1.3. Consider
' = 2] x L([0, 1]; o).
We will show that
(6.7) II' = 75 + .

Note that (IT')" = II' and that 75 (and hence also w5 = 7§) occurs in II' with
multiplicity one.
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By (2.16) the only other possible irreducible subquotients of II' are wf, 7r§IE
+

and 77, Clearly, i cannot be a subquotient since its dual is not a subquotient.
Consider
) =0eR2+2lel+[-2del)

x (1 ® L([0,1];0) + [0] ® [1] x 0 4 6([~1,0]) ® o + L([0],[1]) ® o).
In particular,

S(n,) M) = [2] @ L([0,1];0) + [-2] ® L([0,1]; 0) + [0] ® [2] x [1] x 0,
where n, is defined by the requirement that p is a representation of GL(n,, F").
Hence,

S(ny) (') 2 [-2] ® 6([0, 1] 45 0).
It follows that 73 £ II" and hence, 75 £ II' by duality. The relation (6.7) follows.
The relation (6.1) now follows from (6.2)), (6.5]), and (6.7]).

6.1.4. Non-unitarizability of 7 and 5. We show now that the represen-
tations mg and 75 are not unitarizable.
Let
51 = 5([71, 1]) and I' = 61 X Tg.
By Proposition I" contains the two irreducible subquotients
L([0,2];6([-1,1] 3 0)).

The equality §([0,2]) x 0 = 76 + 7] + 7, (see[2.10)) implies that if we have an
irreducible non-tempered subquotient of

51 x 6([0,2]) x o,
then it is a subquotient of I". On the other hand,
51 x 6([0,2]) x o > 86([—1,2]) x 6([0,1]) x o
= 6(=1,2]) ¢ (L([0, 1):0) + ([0, 1]+:0) +6([0. 1) 0))
= 8([0,1]) x (L([=1,2}:0) + (1, 2]450) + 8([-1,2] ;) ).
From this we conclude that I' contains the following non-tempered subquotients:
L([_LQL[Oa 1];0)7 L([_172]?6([071]i;0))7 L([O7 1]?6<[_172]i;0-))'

Therefore, the length of T is at least 7.
To deduce the non-unitarizability of 75 and mg it suffices to show that the
multiplicity of 7 := ¢; ® mg in p*(T') is less than 7. In fact, we show that it is 4.
By remark we need to consider the multiplicity of 7 in

(28001 +2-8((0,1)) @ [1] + 2(1] @ 6([0, 1)) + 1 81 )  pu* (o).

Recall:
p(me) = 1@ me+
+21 ® L([0,1);0) + [0] @ 6([1,2]) x &
(6.8) ol x Rl ® L) %o +5([-1,0) ® 2] x 0

+L([0],[1,2]) ® 0 + 6([-1,0]) x [2] ® 0 + §([—2,0]) ® 0.



70 6. THE CASE o =0

Thus, the only relevant terms are
2-74+2-[1] x §([-1,0)) ® 6([0,1]) x [2] % 0.
Decomposing (in the Grothendieck group)
[2] > 6([0,1]) x o = [2] % (L([0,1];0) + 6([0, 1]4;0) + ([0, 1] -5 0))

we note that g is not a subquotient of [2] x §([0,1]+;0) (by (2.16)) and 7 occurs
with multiplicity one in [2] x L([0,1];0) = II" (by (6.7)).

In conclusion, the multiplicity of 7 in p*(T') is 4, as claimed.

6.1.5. Non-unitarizability of 772[, 71'3i. The remaining, and most subtle,
part of the proof of the proposition is the non-unitarizability of Wf, 7r3i.

First, we compute

(2] 610,15 0)) =
Ie)2+2@1+[-2]®1)x
(19 6(10,1]250) + [1] @ 8(0)a30) + 6([0, 1)) @ 1)
=1®[2] x6([0,1]+;0)
+2] @ 6([0,1]+50) + [-2] @ 6([0, 115 0) + [1] @ [2] % 6([0] ;5 0)
+2I x 1] @ 6([0]+50) + [-2) x [1] ® 6([0]+;0) + ([0, 1]) @ [2] @ o
+4([0,2]) @ 1 + L([2];[0,1]) ® 1 4+ [—2] x 4([0,1]) @ 1.
Now the above formula, and imply
pi(ry) = 1@y
+[=21®6([0,1]+;0) + [1] @ [2] » 6([0]+; 0)
+L([1, [2]) © 6([0]+5 0) + [=2] x 1] @ 6([0] 5 0) + ([0, 1]) @ [2] @ &
+L([2];[0,1])) ® 0 + [—2] x 6([0,1]) ® 0.
Applying duality to this and changing F by +, we get

(6.9)

piry) =197

(6.10) A ® Lt 00k 0)) + (=11 @ [2] > (0] )
S a2, —1]) @ 6([0)+;0) + [2] x [~1] @ (0] 0) + L([~1],[0)) @ [2] % o

+L([=2,-1],[0)) ® 0 + [2] x L([-1],[0) ® .
(Alternatively, we could have also used the relation
[2] % L([1}; 6([0] 53 o)) = mff + 75
to compute the above Jacquet module formula.)
6.1.6. We shall now describe the composition series of the representation
0([1,2]) x 6([0]x; 0).
Observe
7+ 71 <0([1,2]) % 8([0)+;0).
We prove that
me < 0([1,2]) » 6([0]+; 0)
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using Lemma [2.15] applied to the diagram

0——9([0,2]) x 0 —— 46([1,2]) x [0] x 0 — L([1,2],[0]) x 0 —— 0

| |

6 8([1,2]) x 6([0]+;0)
by noting that
6([1,2]) » 6([0]50) £ L([1,2],[0]) x 0.
For otherwise, passing to sqr, and considering the terms whose exponents are non-
negative, we would get

6([1,2]) x [0]®@o < L([1,2],[0)) @ o
which is impossible.

This implies that each of §([1,2]) x 6([0]+; o) has length > 3. The same will
be therefore true for the dual representations L([1],[2]) x 6([0]+;0). The obvious
decomposition (in the Grothendieck group)

I0,1,2) =0([1,2]) > 6([0}4; ) +([1,2]) % 6([0] s 0)+
L([1], [2]) > 6([0]-; o) + L([1], [2]) > 6([0); 0),

and the fact that the (total) length of II(g 1 oy is 12, imply that all representations
on the right-hand side have length 3. Therefore, in particular

(6.11) 8([1,2]) % 6([0]+50) = 75 + 76 + 77 -

6.1.7. Consider
I'y .= 51 X Wflt
where as before d; = §([—1,1]). First we shall determine the following multiplicity:

LEMMA 6.2. The multiplicity of T+ := 6; @ mx in pu*(Tx) is four-

PROOF. By Remark and the formula (6.10)) for z*(75) we need to compute
the multiplicity of 7+ in

2-(G1®1) % (1@ny)+2-(8([0,1]) @ [1]) » ([-1] @ [2] % 6([0]+50))
=273 +2-6((0,1]) x [=1] @ [1] x [2] > 6([0]+; 9))-
Clearly, §; occurs with multiplicity one in §([0,1]) x [—1]. Decomposing

[1] > [2] @ 6([0)+; o) = 0([1,2]) % 6([0]£5 0) + L([1], [2]) > 6([0] 5 0)
we note that 7 occurs with multiplicity one in §([1,2]) % §([0]+; o). However, by
(6.11) (passing to the dual), 73 does not occur in L([1], [2]) x §([0]+; ).
In conclusion, the multiplicity of 74 in p*(T'y) is 4, as required. (I

6.1.8. Now we shall determine several irreducible subquotients of T'y.

To that end we need to introduce some notation. Let 8 € T and A a segment
of cuspidal representations such that A” = A and §(A) x 0 is reducible. Then, it de-
composes into a sum of two nonequivalent irreducible tempered subrepresentations
which will be denoted by

T(A;0) P

20ne can be more specific in description of these representations, as in [68], but we do not
need these details for the purpose of this paper.
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First, by Proposition [2.1] we get that the following two irreducible representations
L([1,2];7([-1,1],;0([0] x5 0))), € {=£}
are subquotients of I'4.
It will require supplementary work to determine additional irreducible subquo-
tients of I'y. First, we shall list some natural candidates for subquotients.
Summing the identity (6.11)) for e =1 and —1 we get

(6.12) S(L2) x 0] xo =7 +7] +7f +7, +2- 7.
Observe that
01 x 6([1,2]) x [0] x o > 6([—1,2]) x [1] x [0] % 0.

We know that the left-hand side of the above inequality has among others the
following non-tempered irreducible subquotients:

L([0,2};6([-1,1]+;9)),
L([-1,2], [1]; 6([0)+; o)),
L([-1,2];6([0,1]+; 0)),
L([ila 2]7 [0, 1]7 U)a
L([A]; 7([0]e;56([=1, 2]e;0))),  €1,€2 € {£}
For brevity denote
@61762 = T([O}El; 5([_17 2}62; J))
(a tempered representation).
Multiplying (6.11]) by d; we get
1 % 6([1,2]) % 8([0)+;0) = &1 x (7f + 76 + 75)
> 6([=1,2]) x [1] % 6([0]+; 0).
Then, the left-hand side of (6.13)) has among others the following irreducible sub-
quotients:

(6.13)

L([072];5([—171]“;0)), we {i}a
L([_ 72]7 [1 ;5([0]:t;0))'

Now we prove
LEMMA 6.3. We have
L([=1,2], [1];6([0]+; 0)) < T+
ProOF. We will use Lemma for the diagram
0— L([-1,1],[1,2]) X we — 61 x 6([1,2]) @ wx —6([—1,2]) x [1] xwx — 0
1“%: L([—L?]lv [1];ws)
where wy = 6([0]+;0). It remains to show that
(6.14) Iy £ L([=1,1], [1,2]) % 6([0]+; 0).
Suppose on the contrary that this is not the case. Then, we would get

saL(l+) < san(L([—1,1], [1,2]) % 6([0]+;0)).
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Now, on the one hand, by the formula (6.10) we have
san(l+) = 2-6([0,1]) x [1] x [2] x L([-1],[0]) ® o
and hence,
san(l'+) = 2-6([0,1]) x 6([1,2]) x L([-1],[0]) ® o
In particular,
SGL(F:I:) Z 2- L([il]a [0}7 [Oa 1]a [17 2}) ®o.
On the other hand, by (2.14), the only terms in sqr,(L([—1,1],[1,2]) x §([0]+;0))
that can dominate the above term are
0] (L1111, [1,2)) + £(0, 1), 2]) x [=1] x [1] + £([0, 1], [=1]) x (1], [2]))
Clearly,
L([_l]a [0}7 [Oa ]-]7 [17 2}) g [0] X L([_]-v 1]7 []-7 2])
(since the right-hand has a segment of length three). Therefore,
By passing to the Zelevinsky dual
2-Z([-1],[0], [0, 1], [1,2]) < [0]x(Z([0, 1], [2]) x [ 1] x [1]+Z([0, 1], [-1]) x Z([1], [2]))-
The Jacquet module of the left-hand side contains
On the other hand, the part of the Jacquet module of the right-hand side of the
form [1] ® = is
(1 @ [0] x Z([0,1], [2]) x [-1]
which contains [1] ® Z([—1], [0], [0, 1], [2]) with multiplicity one. We get a contra-
diction. Therefore, (6.14]) holds, and the lemma now follows from Lemma O

At this stage we know that the length of 'y is at least three.

6.1.9. We exhibit two more irreducible subquotients of I'1.. Recall

(6.15) > L([1]; 06, 6,) < 61 x 6([1,2]) x [0] x o
e1,ea€{£}

Next, we note that none of the irreducible representations L([1]; O, , ), €1, €2 €
{%} is a subquotient of §; X 7.

Indeed, the Jacquet module of §; x7g does not admit terms of the form [-1]® —,
for such terms do not show up in neither M*(§1) nor p*(mg).

It now follows from (6.12)) that

(6.16) > L([16.e) STy +T-.
e1,ea€{t}

We shall now prove that each term on the right-hand side has precisely two terms
from the left-hand side as subquotients.
We analyse in the Jacquet module of I'y terms of the form [-1] ® O, ,.
Since [—1] ® — does not occur in M*(d1), we only need to consider the multi-
plicity of [~1]® O, ., in (1® ;) x p*(7f), hence (in view of (6.10)) in [-1] ® 6y x
[2] % &([0]+;0). Equivalently, we need to consider the multiplicity of O, ., in the
representation d; x [2] x §([0]+;0) .



74 6. THE CASE o =0

Observe that the Jacquet module of each four representations ©., ., contains
[0] x §([—1,2]) ® o as a subquotient (since O, ¢, — [0] X 6([—1,2]) x o).

We claim that the multiplicity of [0] x §([—1,2]) ® o in sqr,(d1 X [2] % 5([0]+; o))
is two. (It can only come from the part 2-d; X [2] X [0] ® 0.) Therefore, at most
two of L([1]; O, e,) can show up in each of I'y. Since they show up four times in
't +T'_, this implies that they show up twice in each of I'y.

In conclusion, we have proved that the length of I'y is at least five.

By Lemma we deduce that the representations 7 and 73 are not unita-

rizable.
6.2. x=(0,1,1) and a =0
PRrROPOSITION 6.4. Assume o = 0. Then,
(1) In the Grothendieck group we have
(6.17) Mo,y = mf +r +ag 4wy +nf 7w +2m
where

m = L([],[1],6([0]+50)), w3 = 6([~1,1]+50),

75 = L([1];6([0,1]1;0)), m = L([1],[0,1];0).

(2) mq =[1] x L([0,1];0).

(3) (ni)t ==, (n5)! =73, wh = ma.
(4) The representations 71,75, 75 are unitarizable.

(5) The representation w4 is not unitarizable.

—~
—

ProOOF. Write Il(g ;1) in the Grothendieck group as
(6.18)

(1] (L1 8(00] 3 0) + L1 8([0] - 0)) +2L.((0, 1) ) +6([0, 1] .0) +8([0, 1] 5 9) ).

The representations [1] x6([0, 1]+; o) are reducible by (6)) of Proposition[2.4]and
() of Proposition (the partially defined function attached to §([0, 1]; o) takes
the same values on Jord, (6([0,1]+; 0)) = {1, 3}, and the same holds for the partially
defined function attached to §([0,1]_;¢)). Hence, by duality, [1] x L([1];5([0]+;0))
are also reducible. These four representations are in the ends of the complementary
series. Therefore, all the subquotients there are unitarizable. Now Proposition [2.1
gives the following irreducible (unitarizable) subquotients

T, 5.
Furthermore,
S(~-L1)xo=n) &7y, 0([-1,1) xo=7 ®ny.

This completes the unitarizability assertions.

From (2.21) we know that [1] x [1] ® §([0]¢;0) is (a direct summand) in the
Jacquet module of 6([—1, 1]¢; o) (and this term in the Jacquet module characterises
d([=1,1]¢; 0)). This implies that [—1] x [-1] ® 6([0]_¢; o) is in the Jacquet module
of §([-1,1]¢;0)t. From this follows

(m3)" =i
This implies that the multiplicity of each d([—1,1]¢; o) and 6([—1,1]¢;0)" in ILg 1 1)
is one. Furthermore, (2.21)) implies that [1] ® §(]0, 1]¢; o) is a subquotient of the
Jacquet module of §([—1,1]; 0).
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Provisionally, set
' = [1] x L([0, 1]; o).
(We will show that in fact II' is irreducible, i.e., II' = m4.) Note that (II')* = IT'.
We have

pI) =11+ [1]el+[-1]®1)x
(1@ L(0, 1)+ [0] @ [1] % o + 6(1~1,0)) @ o + L([0],[1]) @ o).
Now
S(n,) () = [1] @ L([0,1};0) + [-1] ® L([0, 1];0) + [0] @ [1] x [ @ &

(recall that n, is defined by requirement that p is a representation of GL(n,, F")).
Obviously, neither of [1] ® §([0,1]1;0) is a subquotient of IT". This implies that
neither of 6([—1,1]+;0) is a subquotient of II'.

Furthermore, neither of [—1] ® 4([0,1]1;0) is a subquotient of the Jacquet
module of II'. This implies that neither of 773i is a subquotient of II'. These two
observations and imply that IT’ is irreducible (hence, equals to m4). Now we
can conclude that (73 )* is either 74 or w3 . The formula implies that in fact

(m)t =73
Next we show that
(6.19) [1] % 8([0,1];0) = 75 + 5

Indeed, 75 is the Langlands quotient of [1] x §([0,1]+;0). By (2.16) all other

irreducible subquotient are tempered. Now §([0, 1]) X [1]®c occurs with multiplicity
two in sqr (75 ), sar([1]%6([0,1]+;0)) and sqr(IL(g,1,1)). Therefore, 73 occurs with
multiplicity one in both [1] % 6([0,1]1;0) and II(g ;1 1y. Since both [1] x §([0,1]+;0)
are reducible, we conclude .

By passing to the dual, we conclude (6.17)) from (6.18)).

Finally, the non-unitarizability of w4 = IT' follows by deforming it to the repre-
sentation [2] x L([0,1]; o), which by Proposition contains the non-unitarizable
irreducible representation L([2], [0, 1];0) as a subquotient. O

6.3. x=(0,0,1) and a =0
PROPOSITION 6.5. Assume oo = 0. Then,
(1) In the Grothendieck group we have
Ig,0,1) = 71'?' + 7+ 27@" + 27y + 775;" + s,
where
m = L([1],[0] x 8([0]=50)), w3 = L([0,1];6([0)=50)), 3 = [0]  6([0, 1] 5 0).

(2) 75 are irreducible and 7 = [0] x L([1];6([0]+; 0)).
(3) (ri)t =nF, (my)t =n3.
(4) All irreducible subquotients of Il (g 0,1y are unitarizable.

ProoF. Write I(g,0,1) as
(0] (L1 8(10] 3 )+ L([1]; 8([0] -3 0)) +2L.([0, 1) ) +6([0, 1] :0) +8([0, 1] 5 9) ).
+

The representations 75 are irreducible (since Jord,(6([0,1]+;0)) = {1,3}). The
same is true for [0] x L([1];6([0]+;0)) by duality.
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It remains to consider IT' := [0] x L([0, 1];0). Observe that

scL(Il') =2-[0] x (8([~1,0]) + L([0], [1))) ® o,
which is a length four representation. By Proposition both representations 77'2i
are irreducible subquotients of II'. Observe that
my < 8([=1,0]) x 8([0]4;0) < 6([~1,0]) x [0] x &
= 10] x 6([—1,0]) x o = [0] x [0] x [~1] x 0 = I (g,0,1)-

This implies that each of sqr.(L([0, 1]; 6([0]+; 0))) has length at least two. Therefore,
we have

Ir = 7@' + Ty

in the Grothendieck group. In this way we have proved and .

Furthermore, and corank two case imply (wf)t = 73 . Now we shall prove

(7))t = 7f . For this, write
(6.20) Mo0,1) = + 17 + 105 +11;,
where

I = §([0, 1)) % 6([0]+50), Ly := L([0], [1]) % 6([0]+;0) = (IL])".
Obviously 7 < TIf. This implies by duality 73 < IIf. Obviously 75 < IIf.
Therefore, 73 + m3 < IIE. Now and the fact that (total) length of ITg 1)
is eight, implies
(6.21) mi + =105,
and after applying duality

(m3) + i =115
We have
[0] x [1] » 6([0]x; o) = I3 + ITE.
Now and what we proved about duality up to now, imply

0] 5 (Z([11;8((0)3 0)) + L((0, 1):0) + (10, 5 0)) = (m5)! + 75 + 75" + 73

i.e.
7+ 0] % L([0,1];0) + 75 = (73)" + 7 + 75 + 715
Since
w3 +my < [0] x L([0,1]; 0),

the above equation implies that the above inequality is actually equality. Therefore,

FE iy 4wy 4 gE = (nE) A s g

(my) =i

This implies

The proof of is now complete.
Complementary series in rank 2, and then unitary parabolic induction imply
(14)- O
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6.4. x=(0,0,0) and a =0
The tempered unitarizable representation Il (g ¢ o) is of length two and splits as
[0] x [0] > 6([0]5 o) @ [0] x [0] % 6([0] -5 ).
We have ([0] x [0] % 6([0]+50))" = [0] x [0] x 6([0]—;0).






CHAPTER 7

Introductory Remarks on Unitarizability and
Corank 2

In this and the following chapter we fix p € C*¢ and o € C°. As usual, let
o€ %Zzo be such that

[a}(p) o
is reducible. We will suppress p from the notation.
We shall determine unitarizability of irreducible subquotients of

H(rl’___@k) = [.’L‘l] X - X [{Ek} X o

when k < 3 and

REMARK 7.1. Suppose that we are in the critical case.

(1) A consequence of the analysis of chapters is that the unitarizability
of irreducible subquotients of Iy, k < 3 is preserved under DL duality

(2) Suppose further that for some indices 4, j (resp., index ), [z;] % [z;] (resp.
[x;] X o) is reducible, necessarily of length two. Then, we get correspond-
ingly a decomposition in the Grothendieck group

Hx — H/ + Hl/

with I’ = I1”. The first part implies that if one of II’ and II” contains a
non-unitarizable irreducible subquotient, then so does the other. We shall
use this simple observation in the sequel.

Let m be an irreducible subquotient of Il . .,)-
Trivially, if £ = 0, then m = ¢, which is obviously unitarizable.

7.1. Corank 1
Let k = 1. Then, 7 is unitarizable if and only if

1 < a.

For 0 < 27 < o, m = [z1] X o, while for z; = a we have two non-equivalent ir-
reducible (unitarizable) subquotients. In the case o > 0, they are d([a];0) and
L([a]; ), while for a = 0, they are §([0]+; o) and §([0]—; o). These two representa-
tions are the only subquotients which are unitarizable for « = 0.

79
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7.2. Corank 2

The following proposition is probably well known to expertsﬂ For convenience
we provide the proof, as we will use the argument repeatedly in the sequel.

PROPOSITION 7.2. The irreducible unitarizable subquotients of Iy when x =
(z1,22) € RZ ., are the following.
(1) (a > 1) All irreducible subquotients when x1 +1 < 2o < a.
(2) (o # 5) All irreducible subquotients when x1 + x2 < 1.
(3) (o= 3) All irreducible subquotients when zo < %.
(4) (a > 0) The representations §([e, @ + 1];0) and L([o], [a + 1]; 0).

Before proving the proposition, we make some basic remarks.

7.3. General principles related to graphic interpretations (cf. §2.15)

It is advantageous to use drawings that describe regions of unitarizability for
;). (It is enough to consider the quadrant R := {(z,y) € R* : z,y > 0}.
In fact the picture is also symmetric with respect to interchanging = and y.) The
lines of reducibility (singular lines) will be denoted by dashed or solid lines. The
complement of the singular lines is partitioned into connected components. Each
connected component consists of irreducible representations Il(, ) which are either
all unitarizable (complementary series) or all non-unitarizable. The former are
denoted by shaded regions and the latter by blank regions. The boundary of the
shaded regions are denoted by thick solid lines — all the irreducible subquotients
there are unitarizable. Intersection of singular lines are critical points. These
vertices are denoted by balls (white, gray or black), according to unitarizability of
irreducible subquotients (which is known). The singular line segments (or rays)
delimited by critical points (connected components of lines) correspond to two
continuous families of hermitian representations which are either all unitarizable or
all non-unitarizable. (For example, in Figure |1} to the open segment connecting
(0,1) and (o, — 1) corresponds the families 6([z + 1,2]) x 0, 0 <2 < a— 1 and
Lz +1],[z]) xo, 0 <z <a—1.)

Unbounded regions and unbounded segments always consist entirely of non-
unitarizable representations.

In the rest of this chapter we prove Proposition

7.4. Proof of Proposition for o > 1
We prove Proposition in the case a > 1 using Figure

7.4.1. Legend (for Figure [1/ and all subsequent drawings).

.......... coordinate axes, or symmetry axis;

J all irreducible subquotients are non-unitarizable;

@ unitarizable and non-unitarizable irreducible subquotients show up;

@ all irreducible subquotients are unitarizable;

_____ only hermitian families of non-unitarizable representations show up;

LClassifications of the unitary duals of split rank two classical groups in the non-archimedean
case were obtained in [44] (unramified case), [46], [17], [19], [32] among others
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8
I
e}

8

a Yy=xz+1 symmetry liney ==z

’
.

Y
.

©---- 1l

Y

(1,0)

FIGURE 1. Unitarizability for I, ,) (case a = 3)

both complementary series and hermitian family of non-unitarizable
representations show up;

all irreducible subquotients are unitarizable (i.e. all belong to com-
plementary series);

two-dimensional complementary series;

two-dimensional regions of non-unitarizable representations.

Two-dimensional connected regions containing the origin will be denoted always by
Cy (they will always consist of unitarizable representations).

7.4.2. The region Cj is unitarizable since Il o) is unitarizable. Furthermore,
if a > 1, the region C} is unitarizable since II(, oy = [0] % ([z] x o) is unitarizable
forany 0 <z < a.

Because of the point («,«) where all irreducible subquotients are non-uni-
tarizable (by Proposition , it remains to explain why the hermitian families
corresponding to the segment from (o, — 1) to (o + 1, ) are not unitarizable. At
the end of these families are the representations d([a, a+1]) xo and L([a], [a+1]) x0o.
Since both representations at the end of two families contain a non-unitarizable
irreducible subquotient by §3.4.1] this implies non-unitarizability of both families,
and completes the proof of Proposition in this case.
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y=x+1 symmetry line y = x
,y=z—1
3.5 R
-------------- --- y: 5
I,' (%’%)
ry=1 .°
] S y:O

FIGURE 2. Unitarizability for II(, . (case o = )

7.5. Proof of Proposition for a = %

Next we prove the proposition in the case a = % — see Figure

As before, the region Cj is unitarizable, since Il o) is unitarizable.

For non-unitarizability, we need to consider only two segments. The first one is
the vertical line from (%, 1) to (2, 1). At the end of the two families corresponding to
this segment are the representations [3] x §([3]; ) and [3] % L([$]; o). Since both of
these representations contain non-unitarizable irreducible subquotient(s) by
we conclude that both hermitian families are non-unitarizable. Now consider the

segment from (1, 1) to (1,0), and from (1,0) to (2, 3). Since at (1,0) the ends of the
two families of representations are irreducible, these two families extend to (3, 5

(as families of hermitian irreducible representations). They end with §([3,3]) x o
and L([3], [2]) x o. Since both representations contain non-unitarizable irreducible
subquotients (again by 3.4.1)), this implies the non-unitarizability of both families,

and completes the proof of 'ZD

7.6. Proof of Proposition for a =0

Finally, we consider the case a = 0 using Figure

The region Cj3 is unitarizable, since II(, ;) = ([z] X [~2]) o is unitarizable for
all0 <z < 3.

The non-unitarizability of the remaining part is obvious (all connected compo-
nents are unbounded).
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r=0 y=x+1 symmetry line y = z

1 ’
1
1

cy=xz—1

¢
.
v

(0’0)\“; — :(170_)__1/:0

e N=1

FIGURE 3. Unitarizability for II, ,y (case a = 0)






CHAPTER 8

Unitarizability in Corank 3

8.1. One-parameter complementary series

ProrosiTION 8.1. In Table |1| we list the one-parameter families 11, © € R
emanating from unitarizable irreducible representations of a maximal Levi subgroup
with critical parameters. For each pair of a representation and its dual we record
the irreducibility points for x > 0. When irreducible, 11, x > 0 is unitarizable up
to the first point of reducibility, and non-unitarizable otherwise. When reducibility
occurs at 0, there is no complementary series.

PROOF. The reducibility part follows from the previous chapters. The unitarity
statement is clear if there is a unique reducibility point for z > 0. Otherwise, since
there are at most 3 of them, it is enough to exhibit an irreducible non-unitarizable
subquotient at the second reducibility point (from 0 upwards). In Table [2[ we list
for all the families where there is more than one reducibility point for > 0, the
representation Il at the second reducibility point xg > 0 as well as an irreducible
non-unitarizable subquotient 7. (By duality, it is enough to consider the second
column in Table[T]) O

Next, we consider unitarizability of families of hermitian irreducible represen-
tations induced from irreducible, non-unitarizable representations of maximal Levi
subgroups.

N°| 7y it reducibility points|cases
1.l v*o([-1,1]) x o v*L([-1],[0],[1]) x o o= 1,0, +1 | all

201 ) w0l a) | L5 B) % L(afo) [ [aZ 2[.a+ ] [a 70
3.| v® ([—?,%]) x L([a]; o0 V”L([—?],[?])Né([a];a) atsl,a—5 |a#0
1. ves(=£ 2]) w s((01s:0)| v L1 12]) 80150 1, 2 alo
5. [x] @ 6([a, e + 1];0) [z] @ L([ad, [a + 1];0) oo — 1], 0 + 2 a#0
6.] [x] » 6([0,1]+;0) [z] > L([1]; 6([0]%; 0)) 1,2 a=0
7. [#] x L([0,1]; 0) [x] x L([0,1]; 0) 0,2 a=0
8.1 [x] % dsp. ([ —1],[a];0) | [x] ¥ L([a — 1, al;0) oo — 2|, 0 + 1 a>1
0.| [a] % L(fa — 1]:6([af; )| [2] % L(la — 1, [a}0) | la—2l aa+1 |a>1
10/ [x] x 7([0]+; 6([1]; 0)) [z] x L([1]; [0] x o) 1,2 a=1
11 [x] x 7([0]=; 6([1]; 0)) [x] x L([0,1]; 0) 1,2 a=1
12 fal 2 6(—4 Hio) | fe] 2 L. B o) L3 o=}
13 [2] x 6([—3,35]-30) [z] % L([3]; 6([3: 9)) 2 =3
T4 (o] % [0 % (0] :0) | 2] 0] % (10 so) |1 a=10

TABLE 1. Irreducibility points for corank one complementary series

85
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I1,, 7r Zo cases
da—1,a+1]) x0o L(la—1,a+1];0) « a>1
o([3,3)) @0 L([3, 3);0) 5 |e=;
0([0,2]) x o L([0,2];0) 1 a=0
§([a, e + 1]) x ([a]; o) L([a, e + 1];6([e]; 0)) a+tza>1
513, 1) = o((2]:0) L3, 31:3(14]:0) 2 *|ac
5(la - 1,0]) % L((alio) | L(la~ 1,0 [a]; ) a—Lla>1
5(12.3]) % L([1);0) L([2,3), [1];0) A P
(14 21) » L(1):0) L% 2. ) o) I la=1
5([1,2]) x 3((0]=:0) L([1,2): (0] 0)) 3 Ja=0
[a+2] x 6([a, . + 1];0) L([a + 2], 6([a, @ + 1]; 0)) a+2 | a#0
2] % 6(10, 1)1 0) L((20;6((0, 5 0) 2 |aZ

2) % L([0, 1];0) L(21,[0, 1];0) > |a=0
[a +1] % 05 p. ([ — 1], [ 0) | L(la + 1); bsp. ([ = 1], [af;0)) | o+ 1 | a>1
[a] ¥ L([a — 1]; 6([e]; o)) L([a —1,a];6([a]; 0)) o a>1
2] % (0] 5((1]: 0)) L([2]: (0] 6([1]:0))) > |az1
3] % 6(=4, 1.3 0) L((2:6(1, 43 0) 3 |a=1

TABLE 2. Non-unitarizable irreducible subquotients at the second
reducibility point xg

LEMMA 8.2.
(1) Let mp = L[z — 1,z],[x + 1]) X o (resp. mp = L([x — 1], [z,z + 1]) x o),
x > 0. Then, m, is reducible if and only if x € {|la — 1], ¢, 0 + 1}. If 7y
is irreducible, then it is unitarizable if and only if 0 <z < a —1.
(2) For a > 0 denote m, = [x] X L([o,« + 1];0) (resp. mp = [x] X L([ao +
1;6([a;0)), x > 0. Then, 7, is reducible if and only if x € {|a—1|, o, 0+
2}. If my is irreducible, then it is always non-unitarizable.

ProOF. In , the reducibility of 7, is determined by criterion . The
non-unitarizability of the representations L([0,1],[1];0) for o = 0, L([3, 3], [3];0)
(resp. L(ZJ:8(1=%, ] +:0)) for a = L, L([2], 7([0)_; 8([1]; 0)) (resp. L([1,2]; 0] x
o)) for « = 1 and L([a — 1], [a, &« + 1];0) (vesp. L([a — 1], [ + 1];0([e]; 0))) for
a > 1, imply the non-unitarizability claimed in . Unitarizability in follows
in a simple way.

The non-unitarizability of the representations L([|a — 1|], [o, @ + 1]; o) and its
DL dual for o # 1, L([1,2];[0] x o) and its DL dual for a = 0, and any irreducible
subquotient of Iy .a41) for a > 1, implies the non-unitarizability claimed in

(12)- O

8.2. Regular components, unitarizability

For convenience, we say that a point x € R? is strongly unitary (resp., strongly
non-unitary) if all irreducible subquotients of IIy are unitarizable (resp., non-
unitarizable). This property depends only on the W-orbit of x where W is the
group of signed permutations. The set of strongly unitary points is closed in R3.

Consider the singular affine hyperplanes

zi=4a, i=1,23 xitx;—e 1<i<j<3, e=+l
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We say that x € R3 is regular if it is not on any one of the singular affine hy-
perplanes. We denote by Rfeg the set of regular points. Thus x € Rfeg if and
only if Il is irreducible, in which case x is either strongly unitary or strongly
non-unitary. The set of strongly unitary points in Rfeg is a (possibly empty)
union of connected components of Rfeg which will be called unitary. Clearly,
the set of unitary connected components is W-invariant. Recall that we defined

R3’_+ = {(z1,22,23) : 0 < x1 < g < z3}. Denote
3 3 3
Rieg 4+ = Rieg TR ..

reg

The (unitary) connected components of Rfe& 44 are in one-to-one correspondence
with the W-orbits of (unitary) connected components of Rf’cg. Therefore, it is
enough to consider connected components of Rfegf .

PRrROPOSITION 8.3. The following connected components 0f1Rf’Cg’+Jr are unitary.

Fora>1:
(8.1a) To 4+ x3 < 1,
(8.1b) r1+ra<l,zz—x9>1,23<a, (a>1)
(8.1c) Titre<l,xi+a3>1,23—21 <1, 23 <00
(8.1d) xo—x1 >l a3 —x0> 1, 3 <, (a>2).
(The constraint xs < o in is redundant unless oo =1.)
For a = % :
(8.2) z3 < 3.

Consequently, any x € ]R?H_ in the closure of the above regions (i.e., changing
strict inequalities to non-strict ones) is strongly unitary.

PROOF. First note that for a > 1, the non-empty regions among ({8.1a))—(8.1d)
are distinct connected components of ]Rfeg’ o
Suppose that a # 0. Then, Il is unitarizable, and thus, so is its connected
component in Rfeg’++ which is given by if « > 1 and by if a = %
Assume now that o > 1.
We start with the complementary series m,, = [z3] X o which is irreducible and
unitarizable for 0 < x3 < a.
(1) Consider the complementary series [z1]x [—21], 0 < 2 < 3 for the general
linear group. By parabolic induction we get a unitarizable representation
[21] % [~21] % 74, Taking § < z3 < min(3, ) and |1 — 23] < 21 < § we
get an irreducible unitarizable representation I, o) 25) = Uiey 2y 24)-
The connected component of

{($1,1‘1,1‘3) : % <x3 < min(%,a), ‘1 —1‘3| <z < %}
in R3

3 is (BIJ).

(2) Assume o > 1 and fix 1 < 23 < a. Clearly (0,0,23) € R}, is
(strongly) unitary. The region is the connected component of
(0,0,1‘3).

(3) Assume that o > 2. Fixing 2 < x3 < a we construct a complementary
series [xg] X 7y, for 0 < 29 < x5 — 1. Fixing 1 < z2 < 23 — 1 we
then construct the complementary series [z1] X [r2] X Ty = Uiz, 20,24)
0 <1 < 9 — 1. Thus, the region is unitary.
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Eventually, we show that the converse to Proposition holds.
We first consider the singular affine hyperplanes.

8.3. Two-parameter complementary series — slanted hyperplanes case

We start with the hyperplane
Hsla:{XGRSSIL'QflL'l :1}.
All hyperplanes in the W-orbit of Hg, will be called slanted hyperplanes. We

parameterize Hg), by the coordinates x = x1 + %, y = x5. Thus, let ¢ : R2 — Hy,
be the affine isomorphism

L($7y) = (LC - %7x + %7y)
For any (z,y) € R?, we decompose I, (2,4 in the Grothendieck group as @a T
<I>(_$ ) where

o) = v"O(=L ) x [yl oy @7, = v L(=3],[2]) % [y] % o
Let Hg. be the complement in Hy, of all singular affine hyperplanes other than
To —x1 = *£1, in other words, the image under ¢ of the complement R%_rcg_sla of the

lines

=41 y—x::t%, y—x==+1

_ 13 _ 1
y+1’—:|:§, £L’+y—ﬂ:§, 2

T 3
y=ta, z=+(a—3), z==(a+3).
D HS be the complement in Hg), of the affine hyper-

sla

More importantly, let Hg,
planes

T3+ 10 ==1, 1 —23==%1, 3==Fa, x93 ==xa, 1 ==a.

2

reg-sla OF the lines

Thus, Hg, is the image under ¢ of the complement R

y+to=+3 y-—r=+43 y=zxa, z=%(a-3), z==*(a+3).

The representations CID(iLy) are irreducible precisely when (z,y) € Rfeg_sla. Thus,
for (x,y) € Rfcg_sla, t(x,y) is strongly unitary (resp., strongly non-unitary) if and

only if both @?; y) are unitarizable (resp., non-unitarizable).
Denote

Wl = {w eW: ’LU(Hsla) = Hsla}-
Then, Wy, = {£1} x{£1}, and it is generated by the following two transformations
(21,22, 23) = (—22, —71,73) (21,22, 23) = (21, T2, —T3).

It acts on Hg, = R? (preserving Rfeg_sla and R%_reg_sla) by (z,y) — (12, €2y),
€1,€2 = +1.

For (z,y) € Rfeg_sla, the representations @f,y depend only on the Wy,-orbit of
(z,y). We denote R} = {(z,y) € R* : z,y > 0}. Set RZ_ 4, . = RINRZ ..
2

Provisionally, we say that a point (z,y) € R is unitary™ (resp., unitary ™) if

reg-sla
‘I)E; ) (resp., o, y)) is unitarizable. (Eventually, these two notions are equivalent.)

We also say that (z,y) € Rfeg_sla is unitary® if it is both unitary™ and unitary~, i.e.,

if «(x,y) is strongly unitary. These properties depend only on the W,-orbit and

the connected component of (x,y) in Rfeg_sla. We say that a connected component
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of R?, g, is unitary™ (resp., unitary~, unitary®) if the same is true for any (or

each) point in it. As before it is enough to consider the connected components of
2

Rreg—sla,—i—'

Analogously, one defines unitary* components of R? For simplicity, we

v-reg-sla*
denote in the rest of this chapter the components ({8.1a))—(8.1d)) of Proposition
by Cy,, Cy, C. and Cy respectively. We start the study of unitary® components of
R? with the following technical

v-reg-sla

LEMMA 8.4. (See Figure For a > 1 the following connected components of

R\%—reg—sla, L are um’taryi.

(C1) r4+y<3,

(C3) r+y<3z—y>i e<a-3 (a>1)
(C3) i<oty<3 y—z<i z<i,

(C1) i<rty<3, z-y<i i<z<a-3 (a>1)
(C5) r+y<d y-z>1 y<a,

(Ct) y—z>3 y<a, z<i, (a>2)

(C7) y—r>3 y<a, >3 (a>2)

(Cs) z-—y>3 r<a-1 (a>2).

(The constraint v < a — 3 in Cy and C} is redundant if o > 2. Similarly the

constraint y < o in Cf is redundant for o > 1.) Moreover, there exist wy, ..., ws €
W and X1,...,Xs € {Cq, Cp,Ce, Cy} such that
(1) «(CY) is contained in O(w;(X;)) fori=1,...,8.
(2) w1 (X71) Uwg(Xy) Uws(Xs) Uwe(Xg) is contained in the connected com-
ponent (i.e. half space) of R3\ Hy, containing the origin.
(3) wa(Xs) Uws(X3) Uwr(X7) Uws(Xg) is contained in the connected com-
ponent of R3\ Hy, that does not contain the origin.

2

Finally, for o < 1 there are no unitary®™ components in RS veg-sta +

Note however that for o = % the boundary of the connected component in R3
that contains (8.2)), intersects Hy, only at the point (1, 3,0).

PrROOF. Denote

wy ¢ (21, T2, x3) = (—x2, T3, T1),

wy : (21,29, 13) — (22, T3, 71),

ws : (21, 22, 23) — (21,23, T2),

wy : (z1, T2, 23) — (21,23, T2),

ws : (x1, T2, 23) = (—x1, 22, x3),

we : (21, T2, 23) — (—x1, T2, T3),

wg : (T1, T2, x3) — (71, T2, T3),

ws : (z1, T2, x3) — (T2, T3, 21).

Take X;,...,Xg to be Cy, Cy,C,, Ce, C¢, Cy, Cy, Cyq respectively.
The component X; = C, is determined by the conditions zo + 3 < 1, 0 <
x1 < 29 < x3, and w; takes it to (2, xh, x%) = (—x2,23,21), where ah — 2} < 1,
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FIGURE 1. Unitarizability for @(ix V) (case a = 3; added lines)

0 < zf < —zf < zf. We get at the boundary for z, = z} + 1 the region 0 < 2% <
—z} < zb. Introduce 2} = z — 3, y = 2. From 2} < —z} we get z —y < 3.
The interior of this region is Cj. The above inequality z, — 2] < 1 is equivalent
to the inequality xo + x5 < 1. Therefore, wq(X1) is in the connected component of
R3\ Hy, containing the origin.

The remaining 7 cases are proved in analogous (elementary) way. We omit the
details. |

PROPOSITION 8.5. For a > 1, the unitary®™ connected components of Rfeg_sla’+
are given by

(8.3a) r+y<3, z<a-3 y<a
(8.3b) y—z>3, y<a, (a>2)
(8.3¢) z—y>3 2<a-3, (a>2).

(The constraint © < o — % (resp., y < «) in the first region is redundant if o >
2 (resp., « > 1).) For each point (x,y) in the above three regions there exists
w € W such that «(x,y) is contained in the boundary of w(C) where C is one

of the unitary connected components (8.1a)~(8.1d) of Proposition[8.3 The other

9 . S L=
connected components of Rreg_sla’ o are neither unitary™ nor unitary™ .

If a=0 or % then there are no unitary®™ or unitary™ regions in R2

reg-sla*

PROOF. Assume that a > 1. Lemmal[8.4]implies that components (8.3a)—(8.3d)
(which are the regions Cp, C¥ and C¢ in Figure [2) are unitary

INote that (8.3a) is a two-dimensional complementary series, while (8.3b) and (8.3d) can
be obtained by iterating one-dimensional complementary series twice. This is a simpler way to
conclude this unitarity.
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(case a = 3)

We turn to the converse direction. Let us call the regions 7 special.
Clearly, these regions are distinct connected components of Rfeg_sl& iy
We present graphical interpretation of Rfeg_sla7+ fora>2,a= %, a=1la= %
and a = 0 in Figures and [6] respectively, where the special regions are
shaded. We need to show that the non-shaded regions are neither unitary™ nor
unitary .

Using the results of chapters and |§| (and having in mind Remark , we
have put in Figures[2]—[6] black vertices where all subquotients are unitarizable, and
white or gray where we have at least one irreducible subquotient non-unitarizable
(see for more precise description). Suppose that we have a unitary®™ or
unitary~ component. Then, it must be bounded, and cannot have a non-black
vertex. Now Figures and |§| imply that any unitary™ or unitary~ component
there must be special.

In the case of & = 3

29
slanted side of this component contains either v~ 26([—1,1]) x o, 1 < z <

only C3 does not have a non-black vertex. Since the
3
2

vas(—1,1)) o, 1 <z < 3. and both families consists of non-unitarizable

or
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FIGURE 6. Unitarizability for @?; ) (case a = 0)

representations by Proposition (use N°1 in Table [I), we get that also Cj is
neither unitary™ nor unitary—.

It remains to consider the case of @ = 1. Here only Cy does not have a non-black
vertex. Here the slanted side of this component contains either v2~%§([—1,1]) x o,
0 <z <3 or v2=%§([-1,1]) x 0, 0 < = < %, and both families consists of
non-unitarizable representations by Proposition (use again N°1 in Table .
Therefore, C; can be neither unitary™ nor unitary~. This completes the proof of

the proposition. O

COROLLARY 8.6. The components C},...,Ck are precisely the unitary™ com-

T2
ponents in Rv_reg_sla.
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PROOF. Observe that the components (8.3a))—(8.3c]) are contained in the closure
of the union of Cf,...,C§. Now the claim follows from Proposition O

8.4. Two-parameter complementary series — level hyperplanes case
We turn to the affine hyperplane
Hiy = {x €R®: 23 = a}.

All hyperplanes in the W-orbit of H)., will be called level hyperplanes. For any
(r,y) € R%, we decompose II(;,y.«) in the Grothendieck group as \I/(fr o T \Il(; Y
where

Uiy =2l x = d(lalso), g =z x [y] x L([al; 0)
if >0 and \Il(z n = = [z] x [y] x §([0]x;0) if a = 0.

Let HYS (resp., R2. reg_lev) be the complement in H., (resp., R?) of the singular

affine hyperplanes other than x3 = +a:
1 tas=¢ x;==x(a+e), x;,=xa, e==x1, i=1,2.
Let Hp, D Hy, (resp., RZ,, 1o, D RZ, ., .,) be the complement in Hie, (resp., R?)
of the 12 (not necessarily distinct) affine hyperplanes
x1tae=¢, x;=x(a+e), e==x1,i=1,2.
The representations \I'( ) are irreducible precisely when (z,y) € R?

for ( ) € Rreg—lev’
only if both \I/( y) are unitarizable (resp., non-unitarizable). The group Wi, of

Thus,

(z,y, ) is strongly unitary (resp., strongly non-unitary) if and

reg-lev"

signed permutations on {1,2} (i.e., the dihedral group D,) acts on R? and preserves
R2 and R2 For (z,y) E R? the representations \Ili depend only

reg-lev v-reg-lev* reg-lev?

on the Wiey-orbit of (z,y). We have denoted R3 | = {(z,y) e R? : y > > x > 0}. Set

2 2 _
Rreg lev,++ ]R —++ N Rreg-lev (resp Hlev ++) and Rv-reg-lev ++ ]R —++ N RV reg-lev
(resp. Hl‘f;\’, n +)

We say that a point (z,y) € R? (2.0)

(resp., \IJ(_L y)) is unitarizable. (As before, eventually these notions will turn out to

2 g ley 1S unitary™ (resp., unitary™) if Ut

be equivalent.) We also say that (z,y) € R? is unitary® if it is both unitary™
and unitary~, i.e., if (z,y, a) is strongly unitary. These properties depend only on
the Wiey-orbit and the connected component of (z,y) in RZ_ .. We say that a
connected component of Rreg ley 1S unitary™ (resp., unitary unltaryi) if the same

is true for any (or each) point in it. As before it is enough to consider the connected
components of R?

reg-lev

reg-lev,++"

PROPOSITION 8.7. The unitary™ connected components of R
follows.

reg-lev, 44 OT€ as

(8.4a) (a>2) y—z>1, y<a-—-1
(8.4b) (a>1) z+y<l,y<a-—1,
(8.4c) (a=1) z+y<l1,
(8.4d) (a=13) y<3

(8.
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FIGURE 7. Unitarizability for \I/(im,y) (case a = 3)

(The constraint y < o — 1 in (8.4b)) is redundant for o > 2.) The other connected

components of ng lev.++ are neither unitary™ nor unitary”.

PRrROOF. The regions (8.4b]), (8.4d)), (8.4¢]) are the connected components of the
origin (i.e. Cp) in Rreg lev, ++ in the cases a > 1, a = % and a = 0 respectively.
Therefore, they are unitary® since §([a]; o) and L([a]; ) (for & > 0) and §([0]+; o)
(for a = 0) are unitarizable; see Figures [7] [§ [9] [L1] and [12).

In the case a = 1 the origin is not a regular point in R?. However, [] x [4]xm =
([=31x[4]) xmisin (B.4d) (i.e. in Cio ofFlgure. 10) for 7 = L([1];0) or 7 = 6([1]; o).
Therefore, this region is also unitary®.

Suppose that a > 2. Consider Figure |7} The region (i.e. C7 in Figure

) is clearly a connected component of Rreg lev 4+ (not containing the origin). For

any (z,y) € ]Rreg 1ev ++ satisfying (8 (where o > 2), the point (z,y, «) lies in
the boundary of . Hence, it is unitary® by Proposition

For the converse, as before, call the regions f above (with the re-
spective conditions on «) special. We proceed now in the same way as in the proof
of exhaustion in Proposition (therefore, we shall not repeat all details from
there). We need to prove that any non-shaded component is neither unitary™ nor
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FIGURE 11. Unitarizability for \I/(i%y) (case a = 1)

unitary~. Here, only the components Cy in Figure |§| and C1; in Figure [11] do not
have a non-black vertex (therefore all other non-shaded components in Figures
— [12| are non-unitary). We now show that also these two components are neither
unitary™ nor unitary~, which will complete the proof of the proposition.
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FIGURE 12. Unitarizability for \I/(ﬂ; Y (case o = 0)

Let o = 2. The slanted side of Cy contains the family V%’wé([—%, N,

)

0 < & < 3, for either 7 = 6([3];0) or 7 = L([3];0). By Proposition (use
N°2 and 3 in Table both families consists of non-unitarizable representations.
Therefore, Cy is neither unitary™ nor unitary—.

Assume now o = % Here the slanted side of this component contains either
the family 1/%*"’”5([—%, 1) x L([3];0), 0 <z < i, or the family l/%*wL([—%], [1]) x
1) ([%], 0),0<x< % Both families consists of non-unitarizable representations by
Proposition (use N°3 in Table , which implies that C1; is neither unitary™

nor unitary—. 0

2

v-reg-lev,++ are as

COROLLARY 8.8. The unitary™ connected components of R
follows.

(1) a>1:
r+y<l, y<a-1,
y—x>1, y<a—1,

where the constraint y < a — 1 in the first region is redundant for o > 2
and the second region is empty if a < 2.

(2) a=1:
z+y<l1
(3) a=1:
y<3
() a=0:

r+y<l1l, x>0.

2

The other connected components of Ry | .. 1oy 4 are neither unitary™ nor unitary” .

(]

8.5. Three-parameter complementary series

In the proof of Proposition below we use the following two simple lemmas.
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LEMMA 8.9. (1) Let o« > 1. Suppose that € is a bounded connected

component of Rf’eg whose boundary contains a segment AB, where A =
(a1, az2,a3) and B = (by,ba, b3) are two distinct points such that there exist
an index k and € € {x1} for which ar = by = ea. Then, there exists a
two-dimensional face of the closure € of € that is contained in a level
hyperplane.

(2) Suppose that a connected component C of R?cg,—‘,——&- contains in its boundary
at least one of the sets 1(C§), t(Ch) or 1(C§) (see Lemma . Then, C

admits a two-dimensional face that is contained in a level hyperplane.

PROOF. Suppose that & is a component as in ([1)). Clearly, AB is contained in
either an edge or the relative interior of a two-dimensional face of €. In the second
case, there is nothing to prove. Therefore, suppose that AB is contained in an edge
of €. Clearly, it is enough to prove the lemma for e = 1.

Suppose on the contrary that no two-dimensional face of € is contained in a
level hyperplane. Then, the edge containing AB must be contained in the inter-
section of two different (non-parallel) slanted hyperplanes given by the following
equations
ar; +ex; =1, er,+er, =1, ¢¢e{£l}, i,j5,rse{l,2,3}, i#j, r#s.
Suppose {i,j} = {r,s}. Then, (¢;,¢;) # *(er, €5). Therefore, we are left with the
hyperplanes eiz; + e12; =1 and e12; — e1z; = 1. If k & {i,j} then A = B, which
is a contradiction. Therefore, k € {i,j}. If kK =i, then ;o = 1, which cannot be.
If kK = j, then ey = 0, which again is not possible.

Therefore, {i,j} # {r,s}. Denote {i,5} N {r,s} = {¢t}. Now hyperplanes are
determined by equations

€E1T; + €2y = ]., €3t + €4T5 = ]., € € {:l:l}, {i,t,s} = {1,2,3}

Suppose that k = i or kK = s. Then, a; = b;, and further as; = by, which is a
contradiction. Similarly, if £ = ¢, then again A = B, which is a contradiction. This
completes the proof . Further, follows directly from . ([

REMARK 8.10. By the same reasoning, the closure of the connected compo-
nents (8.1b)) and (8.1d) admit two-dimensional faces which are contained in level
hyperplanes. The same is true for (8.1¢)) if o > 1.

LEMMA 8.11. Suppose that € is a connected component of Rfeg which has
in its boundary o(CY) (with o > 1) or 1(C%). Assume further that € lies in the
connected component of R3\ Hy, that contains the origin. Then, € is not a unitary
component.

PROOF. We use below the transforms ws : (21, 22, 23) — (22, 23,21) and ws :
(z1,22,23) — (—x1,x3,x2) that were introduced in the proof of Lemma
Suppose first that ¢(C%) lies in the boundary of € (and « > 1). Denote by Y3
the non-empty convex open subset of Ri . defined by the following inequalities:
T1H+ o<1, x3—22<1, x3—21>1, $3<Oéﬂ
It is straightforward to verify that Y5 C Rfeg. However, Y5 is not a unitary com-
ponent since for instance (0,1, 3) = «(3, 7) € d(Y2) N Haa and (5, 7) € R, . | is

2The last condition is automatically satisfied if o > 2.
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not a unitary point by Proposition [8.5] (see also Figures [2 and [3). Hence wo(Y2) is
not unitary as well. However, it is immediate to see that the boundary of wy(Y>2)
contains C}. Since wq(Ys2) and € are on the same side of Hg, we conclude that
wy(Y2) C €. Hence € is not unitary.

Similarly, suppose that ¢(C%) lies in the boundary of €. Denote by Y3 the
nonempty open convex subset of Ri 4 consisting of the points (z1,z2,23) that
satisfy

r1+a3<1l, z3—22<1, 1<z+23 x3<0.

One checks that Y3 C Rfeg. Moreover, Y3 is not unitary since it contains for

instance the point (%, %, %) and if this point were unitary then by unitary parabolic
reduction we would get that the representation [2] x [—2] is unitarizable, which is
a contradiction (since % < %)

Once again, we check that ws(Y2) contains ¢(C%) in its boundary, and hence
w3 (Y2) C € since ws(Y32) and € lie on the same side of Hy),. Hence % is not unitary

as required. O

PROPOSITION 8.12. The list of unitary connected components of Ri”eg,++ m
Proposition[8.3 is exhaustive. In particular, if « = 0 there are no unitary connected
components.

PROOF. Let C be a unitary connected component of Rfe& 1+ Denote by € the
(unitary) connected component of R}, containing C. Recall that C (and also %)
must be bounded, and the boundary of % is contained in the union of all reducibility
hyperplanes. Since all slanted (resp. level) hyperplanes are in the same W-orbit,
any two-dimensional face of the boundary of % is contained in a W-translate of
either Hgy, or Hiey.

Consider first the case o = 0. Clearly, € cannot be bounded only by level
hyperplanes (otherwise, ¥ would not be bounded). Therefore, there exists a two-
dimensional face of the boundary of ¥ that lies in a slanted hyperplane. This
would contradict Proposition (see Figure @ Therefore, we do not have unitary
connected components in this case.

For the rest of the proof, we consider the case o > 0. We first note that

CCixeR3, || <a,i=1,2,3}

reg *
and
CQ{XGRE’eg7++ txg < al.

This follows immediately from Propositions and by passing to the boundaryﬂ
In particular, in the case o = 1 we conclude that C is the component (8.2)).
For the rest of the proof we consider the case a > 1.

Suppose that a two-dimensional face of the boundary of % lies in a level hy-
perplane. Since ¥ O C' we may assume that this level hyperplane is Hje, itself.

We therefore need to consider unitary* connected components of Hp? | + (which
correspond to R%_reg_lev )

Consider first the case o > 1. We have two possibilities for unitary® connected
components. The first possibility is  +y < 1,y < a — 1, which clearly lies in
the closure of the component . Moreover, is the only component that
contains in its closure and that is contained in {x : 3 < a}. We conclude

30Observe that in (z,y)-planes, z < a— % in the unitary two-dimensional slanted components.
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that C must be the component (8.1b]). The second possibility isy—z > 1,y < a—1
(when a > 2). Again, is the only component that contains in its
closure and is contained in {x : x3 < a}. Thus, C must be the component .

Consider now the case o = 1. Then, we have only one possibility for unitary®
connected component: z +y < 1. This is in the closure of (8.1c). In the same way
as before, we conclude that C' must be the component

It remains to consider the case where all the two-dimensional faces of the bound-
ary of € are contained in slanted hyperplanes. Take a slanted hyperplane H such
that C has a two-dimensional face in it. Since C' is bounded, we can find H such
that C is in the same half-space of R? \ H as the origin. Let w € W be such that
w(H) = Hga. Then, w(C) has a two-dimensional face in w(H) = Hg,, and w(C)
is in the same half-space of R?\ Hy, as the origin. Furthermore, acting by Wy, (if
necessary), we conclude that the following holds:

(Int) There exists unique w € W such that w(9C) N Hga,+ is the closure of a
unitary connected component C’ of HJ? o+ and

(8.5) (wx)2 — (wx); < 1
for all x € C.
Consider wx € C’ where x € 0C. Then,
(5.6) w(x) = y) = (& — Lo+ 1,9)

for some (z,y) € R? Now C’ is one out of the 8 unitary components
C{,Cé,-. CS of RV reg-sla,+°
dimensional faces contained in level hyperplanes, Lemma implies that C’ must

be one of the 5 unitary components C1, ..., Ci. We examine these 5 cases below.
Denote the components (8.1af), (8.1bf), (8.1d), (8.1d), by C,,C%,C., Cyq re-

spectively in the sequel, as we did in §8.3 Further, we use below the elements

w1, ..., ws € W defined in the proof of Lemma
Suppose C' = C] for some index ¢ € {1,4,5}. Then, w(C) = w;(X;), where
X; € {Cy,Cy, C.,Cq} by Lemma Therefore, the proposition holds in this case.
Consider the remaining case when C’ = C/ for some i € {2,3}. Then, Lemma
8.11] implies that C is not unitary, which is a contradiction. This completes the
proof of the proposition. O

v—reg sla,+*
Since by our assumption % does not have two-

8.6. Conclusion

THEOREM 8.13. The irreducible unitarizable subquotients of Iy when x =
(z1,22,23) € RY |, are the following.
(1) (o > 1) All irreducible subquotients when x lies in the closure of one of
the domains 7,
(2) (= 3) All irreducible subquotients when x5 < 3
(8) (a=0) All irreducible subquotients when x1 = O xo+ a3 < 1.
(4) (o> 0) The representations 6([a, « + 2];0) and L([a], [ + 1], [a + 2]; 0).
(5) (o =0) The representations 6([0,2]x;0) and L([1],[2];5([0]+;0)).

(6) (o > 0) The complementary series [z] X §([a, a+1];0) and [z] x L([a], [a+
1;0) for 0 < x < |a—1] (if « # 1) and its irreducible subquotients for
r=oa-—1.

(7) (a« =0) The complementary series (including subquotients at the ends)
(2] 0 6(10, 123 0), (] % L1605 0)), 0 <z < 1.
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(8) (a > 1) The representation L([a — 1], []; 0([a]; 0)).
(9) (a= %) The complementary series (including subquotients at the ends)
o[z — 5.2+ 3) xd([5ls0), Lz — 3], [z + 3]) x L([5;0), 0<z<1
(2] % 6(=3, 1] 3 0), [a] % L2} 6((]50)), 0<a<?
S(zr—Lz+1))xo, L(fz—1],[z],[zr+1])xo, 0<z< 3.

PROOF. The unitarity of the above representations follows from Proposition
in Proposition Proposition (N°5, 6, 2, 13 and 1 in Table (1)) and
the unitarity in the critical cases dealt with in the previous chapters (where we
noted that the irreducible square-integrable representations and its DL duals are
unitary, together with the representation in (8] of the theorem). It remains to prove
the exhaustion.

Suppose that IIx, x = (x1,22,23) € R3+ admits a unitarizable irreducible
subquotient. For x € R}, by Proposition a > 0 and x belongs to one of the
regions f ifa>1and z3 < % if a= %

Before we proceed further, we observe below that all the irreducible subquo-
tients of the representations listed in Table [I] and corresponding to the parameter
x between 0 and the first reducibility point (including the end points), are listed in
the above theorem. First, such representations corresponding to N°5 (resp. N°6,
resp. N°13) are contained in @ (resp. (7)), resp. (@) of the theorem. Consider
now such representations in the case of N°1. For a > 1, that representations are
contained in the set of representations corresponding to the closure of Cy (resp. Cp,
resp. C.) if x > 1 (resp. % <z <1l,resp. 0 <z < %) For o = 1 such repre-
sentations are contained in the set of representations corresponding to the closure
of C,. Therefore, they are all contained in of the theorem. For o = % (resp.
a = 0), such representations are contained in @ (resp. (3)) of the theorem. In
the case of N°2, such representations are contained in the set of representations
corresponding to the closure of C, (resp. C.) if @ > 1 (resp. o = 1). For a = 1,
they are contained in @D of the theorem. For N°3, they are contained in the set
of representations corresponding to the closure of Cy (resp. (2)) of the theorem) if
a > 1 (resp. a = %) The representations of N°4 and N°7 are contained in
of the theorem. In the case of N°8 and N°9, such representations are contained in
the set of representations corresponding to the closure of Cy (resp. Cp) if a > 2
(resp. 1 < a <2). For N°10 and N°11, they are contained in the set of representa-
tions corresponding to the closure of C., for NO127 they are contained in of the
theorem and for N°14, they are contained in of the theorem.

Suppose that the W-orbit of x intersects Hsf’la Then, by Proposition and
Lemma o > 1 and x belongs to the closure of one of the regions (8.1a)—(8.1d
Similarly, if the W-orbit of x intersects Hy, then by Proposition either:

(1) (a > 1) x belongs to the closure of (8.1b]) or (8.1d)),
(2) (= 1) x belongs to the closure of (8.1c),

(3) (= 3) x belongs to the closure of (8.2),

(4) (04—0) z1 =0and zg + 23 < L.

Suppose now that x is not regular but the W-orbit of x intersects neither Hg, nor
HY,. Let m € JH(Il). Consider first the case when x is not critical. Then, there

exists > 0 such that one of the following options holds.
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(1) m=7x0 where 7 € JH([x — 1] x [z] X [x + 1]) =
{6(Jlz = 1,z +1]), L([x — 1], [z], [z + 1]), L([x — 1, 2], [z + 1]), L([x — 1], [z, z + 1])}.
(2) m <7/ %7’ where
T €JH([z — 3] x [z + 5]) = {0([z — 5.2+ 3]), L[z — 5], [ + 3])}

{4([af;0), L([af;0)} a>0
{0([0]+;0)} a=0

(3) m = [z] x 7" where ' € JH([o] X [+ 1] x 7).

(4) (a#0) m=[z] x 7" where 7’ € JH([oo — 1] X [a] x 7).
The unitarity in the cases when 7 is unitarizable, and above, as well
as in the case if 7' is unitarizable, was dealt with in Proposition (Table
1), and there is determined when one has complementary series. We have seen
above that these complementary series all appear in the irreducible unitarizable
representations listed in the above theorem. It remains to consider only the case
of non-unitarizable 7 and 7’ as above. The unitarity in these cases was dealt with
in Lemma Of these two cases, unitarizable representations show up only for 7
when a > 1 and 0 <z < a— 1. Obviously, all these representations show up in the
group (|I)) in the theorem (corresponding to Cy).

It remains to consider the critical points (the unitarity corresponding to these
points was dealt with in the chapters and @ Unitarizability of the irreducible
subquotients there, excluding the representations listed in , and , was
proved applying the unitary parabolic induction from a maximal parabolic sub-
group, or proving that they show up in the ends of complementary series starting
from maximal parabolic subgroups (listed in Proposition . For both methods of
the proof, our above checking that all the irreducible subquotients of the represen-
tations listed in Table [1| and corresponding to the parameter = between 0 and the
first reducibility point (including the end points) are listed in the above theorem,
implies that all the irreducible subquotients for which we have proved in chapters
[ ] and [6] that they are unitarizable, are listed in the above theorem. For the re-
maining irreducible subquotients considered in chapters[4] [5]and [f], we proved there
that they are not unitarizable. Therefore, any irreducible unitarizable subquotient
in the case of critical points is listed in the above theorem. This finishes the proof
of the theorem. O

and 7' € JH([a] x o) = {

REMARK 8.14. Let 7 := p® p ® p ® o be a representation of a Levi subgroup
M of a classical group G. Then, the representations listed in , and of the
above theorem are isolated in G, and the other listed in the theorem are not. They
are in the part Gq of G corresponding to the Bernstein component €2 that contains
the conjugacy class of (M, 7) (see [8] and [56] for details). The cardinality of these
representations is 4, 2 and 3 if « = 0, a € {%, 1} and a > 1 respectively, but we
have always more isolated representations in Go.
There exists an unramified character y of a general linear group such that p’ :=
xp is F'/F-selfdual and yp % p. The isolated representations in G are precisely
the isolated representations corresponding p,o and p o in the above theorem.
Therefore, the number of isolated representations in GQ is between 4 and 8 (GQ is
an open subset of G). Actually, section 8 of [67] implies that all numbers between
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4 and 8 can show up as these cardinalitie&ﬂ As an example, observe that the
component of irreducible unitarizable representations with non-trivial Iwahori-fixed
vector of Sp(6, F') (resp. SO(7, F')) has 6 (resp. 4) isolated representations.

If we have a component G where (Q is not of the type that we just considered
(in corank 3), then it does not have isolated representations.

8.7. Conjectures

We end this chapter by stating two conjectures, motivated by the results of
[30], [42] and this paper (see also [70]).

CONJECTURE 8.15. Suppose that w is an isolated representation in the unitary
dual of a split classical group G. Then, T is automorphi(ﬂ

By [65], assuming Arthur + € conjecture from [14], there are many irreducible
representations that are isolated in the automorphic dual. All these spherical rep-
resentations are subquotients in critical points.

The papers [30], [42], [65] and the present paper give some evidence for the
following

CONJECTURE 8.16. Suppose that 7 is an isolated representation in the unitary
dual of a split classical group G. Then, m is a subquotient of a representation of
critical type.

We can slightly extend the notion of critical point.

DEFINITION 8.17. Let p1,...,px € C and o € C®. Assume that for all i,
pv = (p¥)” and the set
{e(py) : pj = pi'}
is a Z-segment in %Z (possibly with multiplicities) that contains the reducibility
point a,u ;. Then, we say that the representation p; x --- x pp X o is of critical
type.

We would expect that any irreducible unitarizable subquotient of a represen-
tation of critical type of a split classical group is automorphic. Very preliminary
results in this direction are the subject matter of a work in progress.

4Having in mind [65] (where the number of isolated unitarizable spherical representations
for split classical groups is calculated), it is natural to expect that the number of isolated repre-
sentations in a component determined by p ® - - - ® p ®o grows rapidly as n — oo.
N——

n—times

5See [14] (and also [65])



CHAPTER 9

Unitarizability in Mixed Case for Corank < 3

In this chapter we shall use notation and terms introduced in sections 8 and 9 of
[70] regarding Jantzen decomposition of an irreducible representation of a classical
p-adic group We shall recall some of the most basic definitions. See section 8 of
[70] for more details.

9.1. Jantzen decomposition

9.1.1. Support of representation of classical group. Let X C C and
suppose that X is F’/F-selfcontragredient, i.e. that

X=X

)

where X = {p;p € X}, and let 0 € C%. We say that v € Irr® is supported in
X U{o} if there exist p1,...,pr € X (not necessarily distinct) such that

YL pr X oo X pp X 0.

We denote by Irr$ {o} the set of representations in Irr supported in X U{c}. For
a not-necessarily irreducible representation 7 of a classical group, one says that it
is supported on X U {o} if each irreducible subquotient of it is supported on that
set.

9.1.2. Regular partition. Let
X=X1UX,

be a partition of an F’/F-selfcontragredient X C C. We shall say that this partition
is regular if X; (and hence also X3) is F’/F-selfcontragredient, and if among X;
and X5 there is no reducibility, i.e. if p; X pg is irreducible for all p; € X; and
P2 € Xo.

9.1.3. Decomposition. Let 7w € Irr%u{g}, where X is F'/F-selfcontragredi-
ent, and let X = X; U X5 be a regular partition of X. Fix ¢ € {1,2}. Then, there
exists 8 € Irr supported in X3_; and v € Irr%iu{g} such that

T 5 X.
Moreover, 7y is uniquely determined by the above requirement. It is denoted by
Xi(m)

and called the Jantzen component of 7w corresponding to the member X; in the
regular partition X = X;UXy. Furthermore, let X C C be such that C = XU(C\X)
is a regular partition of C and let m € Irr. Then, X (r) is defined as above for the
regular partition C = X U (C\ X) (and it is called again the Jantzen component of
7 corresponding to X).
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For p € C*¢, denote X, = {v*p : x € R}. Let 7 € Trr® be weakly real. Then,
there exist finitely many distinct p1, ..., pr € C*¢ and o € C% such that the support
of misin X, U---UX,, U{c}. The representations

(Xpl (W)a ce aXPk (7))

determine 7, and this defines a bijection

k
! 1
Irrg(plumuX,,ku{a} - lerg(,,iu{a} .
i=1
The inverse map is denoted by
\IlXpl S T
The correspondence 7 +— (X, (7), ..., X,, (7)) has a number of very nice properties

(see [24] or section 8 of [70]). We shall now prove one additional very simple
property which we shall use often.

LEMMA 9.1. Let X be an F'/F-selfcontragredient subset of C, and let X =
X1UXs be a reqular partition of X. Let 0; € Irr supported in X; and m; € Irr%iu{o},
1 =1,2. Suppose that 0; x 7;, i = 1,2 are both irreducible. Then,

(9.1) ‘IIX17X2<91 X 7T1,92 X 7'('2) = 91 X (92 X \Ile,Xz(ﬂ'laﬂ'Q)-

PrOOF. Note that 61 x 02 x Ux, x,(m1,72) is irreducible by (1) of Remark 8.9
of [70].

By the definition of ¥x, x,(m1,m2), we know that Ux, x,(m,m2) < T % 71,
where 7 is irreducible and supported on X5. This implies 7 x 61 = 61 x 7. Therefore,

91 ><92 X \Ile,Xz(ﬂ—lﬂTQ) ‘—)01 X92 X T X 292 XT><91 X .

If 65 x 7 is not irreducible, we can easily show that it admits an irreducible
subquotient ¢ such that 6; x 3 x Ux, x,(m1,m2) < ¢ x 61 x m. Therefore,
X1(91 X92 Pl \IJX17X2(7T1,7T2)) = 91 N7, AH&IOgOUSly X2(91 X02 A \I/Xth(T(‘l,TFQ)) =
0> x mo. This proves . O

9.2. Preservation of unitarizability by decomposition in corank < 3

LEMMA 9.2. Let w be a weakly real irreducible subquotient of 01 X -+ X 0 X o,
where 0; € C and
k<3.
Suppose that all X, (7) in the Jantzen decomposition of w are unitarizable. Then,
w 1s unitarizable.

PROOF. For k = 1, there is nothing to prove. We shall now prove the case
k = 3. (The case k = 2 is easier, and will be omitted.)

Let 7 — (X,,(7),...,X,, (7)) be the Jantzen decomposition of w. For the
proof, we consider only those p; for which X, (7) # 0. We assume this for the rest
of the proof. Denote

Q; = Qp, o-
If ¢ =1, the claim obviously holds (since then 7 = X, ()).

Consider first the case £ = 3. Then, 7 is a subquotient of [z1](P1) x [15](P2) x
[23](P3) x o, where x; > 0. Then, X, (r) are irreducible subquotients of [x;]**) x o.
Since X, () are unitarizable, then we know x; < «;, 1 <4 < 3. But then each
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irreducible subquotient of [z1](P1) x [23](®2) x [23](P3) x ¢ is unitarizable (since we
are in complementary series or its ends). Therefore, 7 is unitarizable.

Suppose £ = 2. We may assume that 7 is a subquotient of [x1](P) x [x5](P1) x
[23](2) x . Then, X, (r) is an irreducible unitarizable subquotient of [x3]("2) x o.
This implies 3 < 3. Furthermore, 7 is an irreducible subquotient of [:U3]("2) X
X,, (7). Since X, (7) is unitarizable and x3 < as, this implies that 7 is unitarizable
(again we are in complementary series or its ends). U

LEMMA 9.3. Let m be a weakly real irreducible representation of a classical
group. Suppose that some X,,(m) is a non-unitarizable subquotient of 61 x --- x
0, x o, where 0; € C and

k<2.

Then, 7w is not unitarizable.

PROOF. Suppose on the contrary that 7 is unitarizable. Denote p; simply by
p and let X =C\ X,. We also denote a = a, ,. Now X () is a subquotient of

[171}@) X oo X [xk](’)) X o,
where z; > 0 and k < 2. Denote 7, = X, () and 7 = X (7). Clearly

T = ‘IIXWX; (ﬂp,ﬂ'g).

~

If k = 1, then non-unitarizability of 7, implies 7, = [21]®) % ¢ where z; > a.

Now Lemma [9.1] implies
72 2] % T

This cannot be unitarizable, since we can deform z; to the right as far as we want.
We get a contradiction (with the fact that unitarizability can show up only in
bounded domains — see [51] for more details).

Consider now the case k = 2. We shall suppose as usually 0 < 1 < 5. Recall
that 7, is a subquotient of

[961](”) X [332](9) X O.
We consider several cases. The first is
a=0.

The non-unitarizability of 7, implies that x1 4+ x5 > 1. This implies 7, = [£1]) x
[22]”) x 0. Now Lemma implies

Py [xl](p) > [zQ](p) s ¢

e
Further, we can deform x; to xo, use the unitary parabolic reduction and get a
contradiction with the unitarizability in the case of general linear groups (more
precisely, with the existence of the complementary series there).

It remains to consider the case

a > 0.
First recall that Theorem 1.2 of [70] implies that

(9.2) Ux,,x¢(T,my) is not unitarizable

for any non-unitarizable irreducible subquotient 7 of [a](?) x [a+1](") x 0. Therefore,
we assume

(z1,22) # (o, + 1)



108 9. UNITARIZABILITY IN MIXED CASE FOR CORANK <3

in the sequel.
Consider first the case

N[ =

a =

Since 7, is not unitarizable, we have z; > % or xo > %
Suppose z; # % fori=1,2.
Assume first that x5 &+ 21 # 1. Then, 7 = [21]%) x [23]?” x 0. Now Lemma
9.1 implies
72 1] x [22) ) % T

If 1 > %, then we can deform x; to x3, switch one x5 to —zs, use the unitary
parabolic reduction and get a contradiction (with existence of complementary series
for general linear group), which implies that 7 cannot be unitarizable.

Ifz < %, then we can deform x5 to get zo+ex; = 1 for some e € {£1}, and take
there an irreducible subquotient denoted again by 7 (which must be unitarizable).
Now 7, 2 7 x ¢ for some irreducible subquotient of the reducible representation
[ex1](P1) x [24](P1). Lemmaimplies

~ c
7T—T>G7Tp.

Now we can deform 7 to exponents (%, %) The properties of the Jantzen decom-

position and imply that 7 is not unitarizable (since in the limit we have a
non-unitarizable subquotient).
Assume now that xs + exq = 1 for some € € {£1}. Then, in the same way as
above we get
TET XY

for some irreducible subquotient of the reducible representation [ex1](?) x [x2]().
Now we finish this case as the previous one.

It remains to consider the case x; = % Then, 7, = [22]®) % 6 where 6 is an

irreducible subquotient of [£]72) x o (recall 5 # ). Lemmaimplies
T 22 [29]P) % U, xe(0,7p).

We now deform zo to %, and in a similar way as before, we get a contradiction.
It remains to consider the case

a > 1.

First assume
To > Q.
We know from Proposition 2.2 of [62] that 21 < o and x2 — 27 < 1, which implies

r9 < a+ 1. Therefore, if zo = o + 1, then 1 = a. Then, we know that 7 is not
unitarizable by (9.2)). It remains to consider the case

o < a—+ 1.
Let
To > Q.
Consider first the case z; = a. Then, 7, = [22]”) x 6 where 0 is §([](?);0) or

L([a]®; o). One directly gets that
™22 (2] P % W, xo(6,7).

We now deform x5 to aw+ 1, and in a similar way as before, we get a contradiction.
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Therefore, we need to consider the case
r1 < Q.

Assume first that o — 27 = 1. Then, a short analysis using Lemma [9.1] im-
plies that m = 7 x 77, where 7 is an irreducible subquotient of [£1]P) x [25](P2).
Now deforming 7 to exponents «,« + 1 and using the properties of the Jantzen
decomposition, we would get a contradiction.

If x5 — 1 < 1, then similarly we get 7 = [21](P1) x [2](P2) x w5 We can now
deform (increase) xo to the previous case, consider a limit, and repeat the above
argument. Therefore, we get again a contradiction.

Consider now the case

T = (.
We need to consider the case & —1 < z; < . Then, we know that m, = [xl](p) x 0
for some irreducible subquotient 6 of [a] (P) % &, which implies by Lemma

™2 2] % W, xo (6, 7).

Now we can deform z1 to a+ 1, and get a contradiction in the same way as in the
previous cases (here we use that [a] x L([a];0) and [a] % §([a]; o) are irreducible,
and properties of the Jantzen decomposition).

It remains to consider the case

ro < &
and the region
1l—2y <ax2 <21+ 1.

Then, representations m 2 [21](?) x [2](?) x 75, and moreover, for the exponents
satisfying above relations, [x1](") x [24](®) x ¢ form a continuous family of irreducible
hermitian representations. Consider the point % < r1 = 29 < « of the above
region. After switching x1 to —z1, the unitary parabolic reduction implies that this
representation is not unitarizable (since [x1] X [—z1] is not unitarizable). Therefore,
the whole family is non-unitarizable. This completes the proof of the lemma [

We infer

COROLLARY 9.4. Let 7 be a weakly real irreducible subquotient of 01 X+ - X0 X0,
where §; € C, k < 3. Then, 7 is unitarizable if and only if all X,, () in the Jantzen
decomposition of m are unitarizable. ([

Having in mind the results of [30], [42], [70] and the present paper, we conjec-
ture that the above corollary holds for any k, namely

CONJECTURE 9.5. Jantzen decomposition preserves unitarizability in both di-
rections.






APPENDIX A

The Arthur Packet of L(v%p, v 1p;5(v%p;0))
by Colette Maeglin

A.1. The representations

Let o be an irreducible cuspidal representation of a classical groups G = G(F)
and let p be an irreducible unitarizable cuspidal representation of a GL(d, F'). Let
a € %Z be strictly greater then 1. Suppose that v%p x ¢ is reducible. Denote by
0(v*p; o) the unique irreducible square-integrable subquotient of the last represen-
tation.

The induced representation

v x v p 3 8(v¥p; o)

has a unique irreducible quotient which will be denoted by 7 (this is the Langlands
quotient).

A.2. The parameters

Denote by ¢ the Langlands parameter of o. This parameter is an admissible
homomorphism of Wr x SL(2,C) into “G. We denote also by p the morphism of
W into GL(d, C) which parameterizes the cuspidal representation p.

The assumption on a regarding the reducibility implies that there exists an
admissible homomorphism ¢_ for a classical group of smaller rank than G, which
is discrete and for which holds

dp=¢_ ® pRR2a—3] ® p® R[2a — 1],
where R[n] denotes the irreducible n-dimensional algebraic representation of the
group SL(2,C). For this it is necessary that 2a —3 > 0, i.e. a > % Ifa = %, there
one does not need to write the term p ® R[2a — 3].
Moreover ¢_ is non-trivial if G is quasi-split, but this is not used in the sequel.

One defines now the Arthur parameter 3. It is the following morphism of
Wr x SL(2,C) x SL(2,C) into £G:

Vv:=¢_ QR[] & p@R2a+1]® R[] & p® R[1]® R[2a + 1].

A.3. The result

Claim: The representation 7 is in the Arthur packet associated to .

Denote by 14 the morphism where one changes a dimension 2ac+1 into 2o+ 3.
We have two possibilities and we make the choice that suits us for the proof (the
result is obviously independent of the choice) That is:

Yy =¢_ QR[] & pR2a+3]®R[1] & p® R[1] ® R[2a+1].
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From the section 3.1.2 of [38], we know that the representations of the packet
associated with 1) are obtained from those associated with ¥ as follows:

Let 7, be a representation in the packet parameterized by . Then the
term Jacya+1,(7y) is either zero or an irreducible representation. In the second
case, this irreducible representation is in the packet associated with v and all the
representations of the packet associated with 1) are obtained in this way and for a
unique choice of 4.

We will construct in the packet associated with i, a representation denoted
w4+ which will give 7 by the procedure above.

Indeed, according to the construction in the section 3.1.1 in [38] (which is a
summary of [37] for the case which matter here of ¢(¢)) = 0), the packet associ-
ated with ¢, contains the representations of the packet obtained as the unique
irreducible sub-representations of the induced representations

v x v g,
where 7_ runs over the representations of the packet
Y- =¢_ QR[] ® p R2a+3]Q R[1] & p® R[1] ® R[2a — 3].
This even describes all representations of the packet associated with ¢ if 2a—3 > 0,
and some are missing if 2a — 3 = 0, but it does not matter to us.

According to the same reference, the packet associated with i _ is formed of

the irreducible subrepresentations of the induced representations
vty s !
where 7/ runs over the representations of the packet
v i=¢_ QR[] ® p@R2a+1]® R[1] ® p® R[1]® R[2a — 3].

This packet contains the representation 6(v®p; o), the point is somewhat subtle:
the representations of the packet 1’ are the unique irreducible subrepresentations
of the induced representation v*p x 7"/ with 7”7 in the packet associated to

- QR[] ® p@R2a—1]®R[1] & p® R[1] ® R[2a — 3].
But this package contains the cuspidal representation o, hence the assertion.

We have thus constructed a representation w4 which is an irreducible sub rep-
resentation of the induced representation:

v % x v M x vy 5 (v p; o).

We can exchange v**!p and v=%p x v™*"!p (i.e. commute), so Jacyar1,(my) is
non-zero and actually is a submodule of the induced representation

v % x vy x 5(v%p; o).

Since this induced representation has only one irreducible sub representation, which
is 7, and one knows a priori that the representation Jac,a+1,(my ) is irreducible, we
identify this Jacquet module with 7. We have thus shown that 7 is in the packet
associated with 1.



APPENDIX B
Jacquet Module of L(v%p,v* 1p; §(v%p; o))

As in the body of the paper, let p be a F'/F-self-contragredient irreducible cus-
pidal representation of a general linear group (which we denote here by GL(n,, F"))
and o an irreducible cuspidal representation of a classical group. We assume that
o= ops > % In this appendix we calculate the Jacquet modules of the distin-
guished representation

mo = L(v®p,v* 1 p; 6(v° p; 0)).
Although the result is not used in the body of the paper, we opted to include this
computation as it might be useful in the future. For simplicity, we suppress p from
the notation. Thus,
mo = L([a], [a — 1];0([r]; 0)).-
The aim of this appendix is to prove the following
ProrosiTION B.1. We have
p*(L(la], [ = 1];6([a]; 0))) = 1@ L([a], [ = 1];6([a]; 0))
+[—a] ® L([a = 1];6([a}; ) + [o] © L([a — 1], [a]; o)+
[—a] x[o] @ [a = 1] x 0 + L([=a], [~a+1]) ©® §([af; 0) + 6([a = 1, a]) @ L([e]; 0)
—|—L([— ] [ a+ 1)) x[a]®@c+[—a] X §([a—1,a]) ® 0.
PrROOF. From , we know that
™= [a] x L([a = 1];6([o]; 0))
is reducible. Furthermore we know that 7 is a subquotient. We have
pi(m) = Qe[ +a] @1+ [-a]@1)x
(1@ L(la — 1;8([a)s 0))
Fle]@[a—1] %o+ [-a+1]@(a];0)
Hea+1 %[ ®o+d(a—1,a]) @a)
which (after multiplication) we write as
l@r+
[o] ® L([a = 1};6([a]; 0)) + [-a] ® L(la = 1]; 6([a]; 0))
+Hal®@ o] x [a—=1] 3o+ [-a+ 1] ® [a] x 6([a];0)+

[a] x [o] ®@[a—=1] @0+ [o] x [~a+ 1] ®([a];0)
+—a] x[a]@[a—1] xo+ [-a] x [-a+ 1] ®d([a];0)
Hea+1] x [a] ® o] % 0 + (0 — 1,a]) ® [a] % o+
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[a] x [~a+ 1] x[a]®@c+[a] x (e —1,a]) @c
[—a] x [—a+1] X [a] @0+ [-a] X §(Ja — 1,a]) ® 0
or (after decomposing into irreducible representations) as
lon +
2-[a] @ L(la = 1J;6([a]; 0)) + —a] ® L([a — 1] 0([a; ) +[a] ® L(a = 1,0]s 0)+

w2

[a] ® L(ja — 1], [a]; 0) + [a] @ bs.p. ([ — 1], [a];0) + [-a+ 1] ® [a] X §([a];0) +

[a] x[e] @ o = 1] o +[a] x [a+1]®@d([af;0) + [-a] x [a] © [ = 1] x o+
L([=al, [a+ 1)) ®@4([af; 0) + 6([-e, ma + 1)) @ §([o]; o)+
[Fa+1] x[o] @d([ef;0) + [-a+ 1] x [a] ® L([o]; 0)+
(la —1,a]) ®4([e]; 0) + 6(J = 1, a]) ® L([a]; o)+
[o] x [~a+1] x [a] @+ [a] X §(Ja — 1,a]) @0+

0([—a,—a+1])) x [a] @ o+ L([—a],[-a+1]) x [a] @ c + [—a] x d([a — 1,a]) ® 7.

Let v be the irreducible subquotient of 7 such that sgr(y) > wi. Transitivity
of Jacquet modules implies that s(np)(v) contains an irreducible term of the form
[-a + 1] ® —. However, by the above formula, the only irreducible subquotient of
S(n,)(m) of this form is wy. Therefore, wy < p*(7). Similarly, considering s(2,,,)(7)
and terms of form [a] X [a] ® —, we conclude that wy < p*(vy). This and transitivity
of Jacquet modules implies that in the Jacquet module of v we have [—a + 1] ®
[—a] ® [a] ® 0. Again, transitivity of Jacquet modules implies that there exists an
irreducible subquotient of s(3,, ) (7) which has [~a+1]®[-a]®[a]®0 in its Jacquet
module. The above formula implies that the only possibility for such subquotient
is ws. Therefore, w3 < p*(y). Similarly, wj < p*(v) implies w} < p*(vy) (wW§ is
the only term in s, ,)(m) with all the exponents in the cuspidal support positive).
Therefore wy + w3 + wh < s(gnp)(v).

Let now 7 be the irreducible subquotient of 7 such that p*(3) > ©;. The
formula for s, )(7) implies that w; is a direct summand (consider infinitesimal
character in the sense of Bernstein center). Therefore, it is also a direct summand
in the Jacquet module s(, (). Frobenius reciprocity now implies that 7 embeds
into [—a] x L([a — 1]; 6([ee); o)), which implies 7 = 7.

Fromwe see that s, ) (L([a—1];0([a];0))) = [~a+1] x [a] @ 0+ 0([a —

a]) ® o. This implies that [—a] @ [-a+ 1] @ [a]®@c and [-a] R[] @ [a — 1] @ ¢
are in the Jacquet module of my. The only two irreducible pieces of s(3np)(7r)
having these terms in their Jacquet modules are @y and @} respectively. Thus,
wo +wy < 8(3,,)(m0). Now the fact that ss,,)(7) = w1 + w3 + wj + U2 + W5 and
the two above inequalities that we have proved for s(3,,)(v) and s(3y,)(70) imply
that m = v + mp and

S(an,)(ﬂ—O) =Wy + LAO/Q
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This implies that the semi-simplification of the minimal non-trivial Jacquet modules
of mq is
[d@la-1]@[-a®@o+[a]@[-a]@a-1]@c+[a]@[-a]@[-a+1] @0+
[Fo]@a]®la-1]@o+[-a]®[d]@[-a+1]@o+[-a]®[-a+1]@[a]®o.
We get s(2p,)(m0) > [0 x [a] ® [« — 1] x 0+ L([~a], [~a+1]) @ §([a]; o) + 6([a —
1,a]) ® L([a]; o) directly from the above formula. The fact that the minimal non-
trivial Jacquet module of the right hand side has length 6 implies that the above
inequality is actually equality, and therefore we have computed that S(an)(ﬂ'o) =
[—a] x[o] @ [a = 1] x 0 + L([~a], [~a+ 1]) ® §([o]; o) + ([a — 1, a]) @ L([e]; 0).
We know s,,,)(m) > @1. From the formula for s (s, ) (L([a—1],[a];0)) in
we get 5(,,)(m0) > [a] ® L([a — 1], [a];0) (the representation [ — 1] X [a] x o is
regular). Now the inequality s(,,)(m0) > @1 + [a] ® L[ — 1], [a]; o) that we have
got, is actually the equality
S(n,) (M) = @1 + [o] @ L([a — 1], [o]; o)

since the minimal non-trivial Jacquet module of the right hand side has length 6.
This completes a proof of the proposition. (I
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